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Possibilities of Aeronautical and Space 
Research in the Federal Republic of Germany 


The Twenty-Fourth Wright Brothers Lecture 


A. W. QUICK* 


Technical Unwersity of Aachen 


(1) Introduction 


The first six decades of our century have greatly 
changed the life of mankind. Incidental to the tech- 
nical age, with its inventions and discoveries, was a 
stormy development which has increased progressively 
up to the present, leading us into an uncertain future. 
Never quieted is our concern that man use for a good 
cause the admirable accomplishments of scientific 
research, development, and production, we must al- 
ways seek to prevent a misuse of the power thus 
gained. 

The true inventor, however, will always think only 
of beneficial utilization; this was true 57 years ago, 
when the great sons of your country, the brothers 
Wilbur and Orville Wright, performed the first powered 
flight ever to be accomplished by man. They started 
a development in aeronautical techniques which today is 
continuing quite naturally into space flight. 

It is only natural for you to celebrate this event with 
an annual memorial lecture. Please accept the ex- 
pression of my appreciation for the honor of being 
asked to commemorate the historic event this year be- 
fore this distinguished audience. 

Permit me to relate an event from the life of the 
Wright brothers which is connected with Germany. 
When the great success of their flights became known in 
France, and thus in Europe, the Wright brothers were 
granted by the Technical University of Munich the 
highest honor they have to give: the title of Doctor 
honoris causa of Technical Sciences. The honorary 
documents (Fig. 1) read as follows: 

Presented before the Institute of the Aerospace Sciences in the 
Natural History Building Auditorium, Smithsonian Institution, 
Washington, D.C., December 17, 1960. 

* Professor of Aeronautical Engineering. 


“In acknowledgment of your unswerving, bold, and 
consequential solution of the problem of flying, the 
Senate of the Technical University of Munich confers on 
5 March 1909 the title of Doctor honoris causa of 
Technical Sciences on Wilbur, and Orville Wright” 
(respectively). 

This event may serve to indicate that the great 
achievements of the Wright brothers were widely rec- 
ognized in Germany as well, where Lilienthal had 
lived ten years previously. His ventures in the field of 
gliding inspired the Wright brothers to continue their 
efforts with improved methods and scientific thorough- 
ness. 

In compliance with a suggestion made by your Presi- 
dent, I will now try to give you a review of the poten- 
tialities of German aeronautical and space research. 

It is now about five years since international agree- 
ments were reached permitting Germany to resume 
aeronautical research. However, it was by no means 
easy to make a new start because large parts of the 
population, the parliaments, and Federal as well as 
State governments showed little inclination to re- 
establish aeronautical research and an aircraft in- 
dustry. There was first the aversion to rehabilitat- 
ing an industry which is needed largely for military pur- 
poses, and second, a large number of people thought 
that the foreign countries had meanwhile won so great 
an advantage that it would be very difficult for Ger- 
many to catch up. The same people therefore ad- 
vocated the purchase of products of aircraft industry 
from abroad, and our favorable foreign exchange situa- 
tion favored this view. 

It was some time, therefore, before it was realized 
that a highly industrialized country cannot do without 
an aircraft industry, since such an industry acts as a 
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stimulus to the industrial life of the country as a whole. 
If one disregards the minor, although important, pre- 
liminary work, it can be said that effective promotion 
of aeronautical research began about three years ago. 


(2) Capacity of Aerospace Research in Germany* 


I shall now briefly outline the present and probable 
future capacity of German aerospace research, and 
then give a number of typical examples of results of 
research activities which will demonstrate that Ger- 
many is rendering some worthwhile contributions in 
certain fields, and may also be expected to do so in the 
future. 

Aerospace research activities in Germany are 
conducted at the universities, the technical uni- 
versities, some of the Max Planck Institutes, several 
governmental establishments, and at special research 
institutes of the Deutsche Gesellschaft fiir Flugwis- 
senschaften (DGF); (German Association for Flight 
Sciences). While at the universities and technical 
universities research is closely connected with the in- 
struction of students, all other institutes serve the sole 
purpose of research. 

Fig. 2 shows the number of personnel working in 
aerospace research, including all employees and auxil- 
iary help. The first two columns refer to the present 
status, i.e., to the year 1960. The first column in- 
cludes the total number of personnel, and the second 


* This section is based partially on a 1960 survey of the 
Deutsche Forschungsgemeinschaft (DFG); (German Research 
Association) in Bonn-Godesberg. 
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those working in space research. Hence we have at 
present a total of 2,200 persons employed in aerospace 
research, of which about 480 are engaged in space re- 
search. 

The third and fourth columns indicate the number of 
personnel we expect to have in 1961. We plan to in- 
crease the total to 2,700, with approximately 1,030 
employees for space research. The percentage of per- 
sonnel working in space research will probably increase 
in years to come. 

Fig. 3 represents available funds in million Deutsch- 
marks. The first two columns are the funds we have at 
our disposal in 1960. The total is about 78 million 
DM, with 7.2 million DM for space research. The 
third and fourth columns indicate the funds for aero- 
nautical research for 1961 and those to be expected in 
subsequent years. They will probably comprise sim- 
ilar amounts. 

On the other hand, an increase is contemplated in the 
field of space research. A respective plan is being pre- 
pared at present. On the basis of the present situa- 
tion, it is planned to allocate investment funds of about 
84 million DM for the next four years, with annual 
operating expenses amounting to 18.8 million DM. 

We expect that, within a few years, the annual ex- 
penses for aerospace research will total about 125 
million DM. 


(3) Some Results of Research Activities 


Having reviewed the German aerospace research 
capacity, I would now iike to give some examples of 
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x) estimated 
Fic. 3. Funds for aerospace research. 
research activities in this field. Although I have 
chosen these examples at random, I hope that they will 
serve the purpose of giving you an idea of how this re- 
search is carried on, and what contributions might be 

expected from Germany. 


(3.1) Structure 

The first example pertains to research on the fatigue 
life of construction parts. An important problem in 
the construction of airplanes and space vehicles is the 
fatigue life of construction parts which are subject 
to loads fluctuating with respect to time. Examples of 
such loads are gusts, stalled flow, sonic pressure, shock 
waves, turbulence of boundary layers, etc. 

The Institute for Structures of the DVL* is engaged 
primarily in research on this problem, and has studied 
the question of how, for instance, sonic or gust loads 
on construction parts might be examined by tests. 
Above all it had to be decided whether loads that 
actually are complicated and randomly alternating 
could be simulated by simplified tests. 

Fig. 4 shows a typical case, representing the result 
of a simple bending load imposed on a cantilever beam 
of aluminum alloy. Plotted on the vertical scale is a 
nominal stress which is unimportant here because only 
the changes are of interest. The horizontal scale plots 
the fatigue life, with each test point indicating that 
50% of the 15 beams used for each of the test points 
attained this value. Curve a expresses the fatigue 
life for the actual load under a typical spectrum, which 
may serve as an example for gust loads as well as for 
sonic loads. Curve 0 expresses the results obtained 
when the spectrum of curve a was arranged in such a 
way that all loads of equal size were put together, 


* DVL: Deutsche Versuchsanstalt fiir Luftfahrt e.V. 
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thus creating a step-by-step loading. Breakage re- 
sulted after only about five periods of these loadings. 
It is to be recognized that the lifetime decreases to about 
one half. Thus the order of succession of loads is of 
importance. 
kind, which are of course much simpler, yield results 
Curve 


In practice this means that tests of this 


which deviate but, however, on the safer side. 
c shows the results of test with an alternating constant 
load of amplitude corresponding to the root mean 
square value of the loads from the tests a and 6. This 
result is recognized to be far from realistic, with the 
fatigue life curtailed by the factor 200. Hence tests of 
this kind result in a completely wrong picture 

The tests pertaining to curve a were performed in 
such a way that the spectra of actual loads were trans- 
mitted via an amplifier to an exciter. 

We believe that continuing this research will contrib- 
ute to assisting the design engineer in making a rela- 
tively safe evaluation of the fatigue life of his con- 
structions. 


(3.2) Propulsion 


Now for some examples from the field of propulsion. 

Considerable importance is attached in Western Ger- 
many to the development of VTOL airplanes; the in- 
dustry concerned is busily seeking a suitable solution 
for airplanes with jet engines which may be turned 
during flight. To obtain an optimal weight of the jet 
engines, engines with relatively low thrust are used; 
this brings about the problem of cluster engines. 

The research department of the firm of Heinkel in 
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Munich examined the behavior of the intakes of two 
engines being turned simultaneously, both of which 
had large lateral airflow angles.* Fig. 5 shows the 
models tested. Example a is the intake of a single en- 
gine, which had been measured for comparison pur- 
poses. The front edge of the intake was adapted to 
subsonic conditions, so that relatively favorable results 
are to be expected. Example }, shown in the middle, 
combines both intakes into one, and it has an equally 
well-rounded front edge. On the right-hand side, 
c, is shown as a double intake with the front edge adapted 
to supersonic flight. The front part of the intake, how- 
ever, is axially adjustable and releases a small annular 
slot which is opened for take-off and landing. 

Measurements of the maximal velocity Vy; at the 
compressor intake have been performed in comparison 
with the mean velocity V in this plane. In Fig. 6 is 
plotted, as an example, for an angle of attack of a = 
90°, Vmar/V as a function of V./V, with V. des- 
ignating the flight velocity. Curve a for the single 
engine reveals excessive hyperspeeds which are inad- 
missible for the compressor. Intake b of the double 
engine is considerably better, but it yields quite differ- 
ent values for each of the engines. The front engine 
has a greater hyperspeed than the rear one. Intake 
c, also provided for a double engine, and constructed to 
release a slot by axial adjustment, yields quite favor- 
able values for the front engine as well as for the rear 
one. Thus a satisfactory solution has been found to 
this somewhat complicated question. 

At the Aerodynamic Testing Establishment (AVA) 
in G6éttingen, the preblem of calculating cascades has 
received great attention for many years. Lately the 
strongly curved and thick cascade profiles have been 
investigated which heretofore, in spite of many efforts, 
had been calculated only imperfectly. 

These efforts have now resulted in a satisfactory solu- 
tion to the second problem of the wing theory in its 
application to cascades, namely, the calculation of the 
pressure distribution in given profiles.? The method 
provides only a continuity of vortices on the profile 
contour, as shown in Fig. 7. Isay® had already used 
this method, but he was only partially successful be- 
cause the numerical treatment of his integral equation 
was quite tedious owing to the singularity of the nucleus 
of this equation, and to limitations imposed on the 
allowed thickness ratio. 

By the new method the velocity is brought to dis- 
appear within the profile at each place so that the vortex 
continuity on the profile contour corresponds directly 
to the velocity distribution. The mathematical treat- 
ment of this concept, which is known for single wings, 
was successfully extended to cascade profiles. The re- 
sulting integral equation is satisfied at N points of the 
contour, so that a system of linear equations de- 
velops; its solution is three basic flows which yield the 
desired velocity distribution at the contour by super- 
position. Fig. 8 shows the three basic flows. Flow a 
results from the flow attacking vertically to the cascade 
axis; this flow is free from circulation. Flow 6 is the 
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corresponding flow, also free from circulation, for the 
flow attacking parallel to the cascade axis. Flow c 
finally, represents the circulation flow around the cas- 


’ 


cade profiles. 

The integral equation thus yielded three systems of 
linear equations, with the right sides of the equations 
differing from one another. The linear equations were 
easily solved with the use of an electronic computer. 
The solution showed that the selection of N = 36 
points for the integral equation to be satisfied on the 
profile contour almost always yields satisfactory results, 
A computer of the IBM 704 type calculates the entire 
velocity distribution within a few minutes. 

An example of a turbine cascade, the result of a great 
number of calculations, is given in Fig. 9 and compared 
with measurements‘; the cascade, the attacking flow 
conditions, and geometrical data are illustrated on the 
right-hand side. Agreement between theory and 
measurements is considered to be very satisfactory. 
The same holds true for the case represented in Fig. 
10, which is a deceleration cascade with strong deflec- 
tion. Here, too, theory and measurements agree quite 
satisfactorily.® 

These results having been achieved, it is now possible 
to calculate with relatively little work the frictionless 
flow through a two-dimensional cascade; and this ap- 
plies to practically all possible cascades. Moreover, 
these results may now serve as a basis for calculating 
boundary layers and thus determining the loss coeffi- 
cient. In this field, too, many an effort has been ex- 
erted in this institute, and results have been quite 
satisfactory.’ 

At the Institute for Turbomachines of the Technical 
University in Aachen, the problem of stress on rotating 
turbine blades caused by nonuniform temperature 
distribution during the acceleration phase has been in- 
vestigated.* The rotor of a test turbine, shown in Fig. 
11, with a diameter of 12.7 in. and a speed of 8,000 
rpm, was fitted with 31 thermocouples, 23 measuring 
points of which were situated in the rotor blades. 
There are 48 blades in the rotor. 

Fig. 12 shows the distribution of the points measured 
in three sections, namely, the hub section, the mean 
section, and the top section. The local temperatures 
were measured by means of a reversible system of slip- 
rings which allowed the simultaneous measurement of 
temperatures in eight spots. The highest rate of dif- 
ference in temperatures during acceleration was meas- 
ured between the trailing edge and the profile center. 
The blades used in this test were solid ones. 

Fig. 13 shows an example of an extensive program. 
The turbine was accelerated from ignition to operat- 
ing speed within about 1/2 min. In the diagram the 
temperature T of gas in front of the nozzles is plotted 
against time. The gas temperature was only about 
480°C. In addition, the temperature difference AT 
between trailing edge and profile center is shown for 
the hub section; the maximum difference was 120°C., 
i.e., 25 per cent of the gas temperature. Such a gra- 
dient results in considerable thermostresses in the blade 
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material; these were roughly calculated to amount to 
31,000 Ib. /sq. in. in this case. 

With this complex measuring system working satis- 
factorily, it can be used for investigating turbine blades 
with desirably small temperature gradients. 

The same institute devotes some of its resources to 
the problem of measuring high temperatures varying 
with respect to time. A measuring device was de- 
veloped to serve this purpose.* 
instrument, shown on the left-hand side of Fig. 14 is 
The hot gas at tempera- 


The principle of this 


based on a pneumatic effect. 
ture 7 is absorbed by the randomly shaped intake 
shown on the lower left; then the gas flows through a 
capillary with a diameter of d = 0.04 in. and a length / 
of 2-3 in., and then arrives at the vacuum pump. The 
capillary is cooled in order to maintain a constant wall 
temperature, and the suction pressure is always kept 
sufficiently low that sonic speed—i.e., Mach 1—is 
maintained at the exit. The pressures ?) and P; are 
measured at the entry of the capillaries, and the pres- 
sures ?, and P; in the back part. Only the two pres- 
sure differences AP, and AP» are required for deter- 
mining the temperatures, since the quotient AP, AP, 
depends with good approximation only on the gas tem- 
perature 7. AP; and AP: are measured by very small 
electric transducers and fed to an indicator. 

On the right-hand side of Fig. 14 is a typical gage 


characteristic. It should be added that each of the 


heating in Py 7) min 
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pressures AP, and AP», depends solely on the tempera- 
ture and Py. By additional measurement of Po, the 
gauge characteristic is considerably improved, which 
is quite practical in case of high temperatures. 

Fig. 15 is a photograph of the measuring instrument, 
showing the outer dimensions and the connections for 
vacuum pump, water, and electric energy. The pres- 
sure device, which is of very small dimensions, is also 
included in the instrument. 

Fig. 16 illustrates the results when two measuring 
instruments are repeatedly brought from room tempera- 
ture into a hot flame of approximately 1,100°C. Curve 
a shows temperature measured by the pneumatic instru- 
ment, and curve } that measured by a chromel—alumel 
element with a wire diameter of 0.002 in. and a junction 
diameter of 0.01 in. It is to be recognized that the new 
instrument responds quite rapidly to the unstationary 
variations of the flame. The thermocouple, on the 
other hand, is comparatively slow in reaching its final 
values, and does not follow the rapid variations. 

The pneumatic instrument has been tested up to 
temperatures of 1,600°C., and it is expected that it will 
work at even considerably higher temperatures. 


(3.3) Navigation, Guidance, and Control 
Two of the DVL Institutes are working in the field of 


navigation, guidance, and control. At the Institute for 
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Aeronautical Radio and Microwaves, extensive theoreti- 
cal calculations on the exactness of position-finding by 
radio methods have been performed. Their detailed 
explanation would take up too much space here, and they 
will shortly be published as agardographs of the 
AGARD Panel."” 

The DVL institute for Guidance and Control 
Techniques deals with, among other things, the re- 
search of ultrared radiation of jet engines and their ex- 
hausts in order to collect the basic data needed for the 
development of ultrared direction-finding devices. The 
literature at our disposal relates only very few experi- 
mental data. Therefore, the spectral distribution of 
emitted radiation was determined at this institute in a jet 
engine of the type SNECMA Atar 101 B." 

It is to be noted first that the radiation emanates 
from the hot parts of the engine as well as from the ex- 
haust jet. The intensity of radiation from the hot en- 
gine parts has spatial directionality, with high values re- 
sulting, along those directions in which hot metal parts 
of the inner engine may radiate. Naturally these 
zones are located behind the engine; the remaining ra- 
diation area corresponds approximately to the spectral 
distribution with temperature of a black body. 

The hot jet, however, must be considered a selective 
radiator, emitting favorably in the zones of water, 
steam, and carbon dioxide bands. Fig. 17 shows results 
at three different temperatures of the exhaust gas. The 
intensity of the emitted radiation has been plotted in 


THE AEROSPACE SCIENCES 


APRIL 1961 


relative units against the wavelength \. One can see 
clearly that the maximum emission is in the CO, band 
at a wavelength of 4.26 u (lu = 0.001 mm.). 

In the spectral regions in which emission takes place 
absorption occurs also. However, as the absorption 
range is very narrow, the total absorption over the en- 
tire spectral region of the jet remains quite small. 
Hence, in measuring the total intensity in jet engines, 
background radiation that may be present must be 
deducted practically in full from the measured result. 
In consequence of these experiments it was imperative 
to improve the sensitivity of the devices used for meas- 
uring the ultrared radiation of the jet by developing 
selective receivers. The maximum spectroscopic sensi- 
tivity of these receivers must coincide with that of the 
CO, band. 

This important characteristic of jets, while not 
treated in the literature at our disposal, is probably well 
known already in other countries which are intensely ac- 
tive in developing ultrared target-seeking devices. 
But, just as in many other instances, we are here in the 
awkward position of having to work on problems well 
known to others without receiving the benefit of infor- 
mation on their results. On the other hand, however, 
we cannot forego their study and research, as these form 
the basis for constructive development in this field. 

The staff of this same institute engages also in de- 
tailed theoretical research on the so-called sampling 
data systems which, combined with respective tests, 
lead to a generalization of the sampling data systems 
theory.'” 


(3.4) Aerodynamics 

Let us now review some of the fluid mechanics re- 
search. A remarkable success has been achieved re- 
cently in the field of wing theory at the Institute for 
Fluid Mechanics of the Technical University in Bruns- 
wick. Heretofore there existed no theory to describe 
in a satisfactory manner the nonlinear behavior of ar- 
bitrarily shaped wings. This applies above all to wings 
with small aspect ratios which, however, have lately be- 
come of special interest. This problem was satisfac- 
torily solved first for the incompressible case,'* and thus 
the theory could be extended to include the case of com- 
pressible subsonic flow. 

The method is developed from a vortex model which 
is only slightly different from that of the linear theory. 
It is based on the linear wing theory of E. Trucken- 
brodt,'' who used for the calculation a model in which 
the wing is substituted by numerous elementary wings 
of infinitesimal span. The left-hand side of Fig. 18 
shows a wing into which an elementary wing of a depth 
c(y) and a span dy has been sketched. 

Each elementary wing has a circulation distribution, 
variable over the depth in which the free vortices flow 
off at the rear at an angle of a/2. This has been illus- 
trated under bin Fig. 1S. A model of this kind was first 
used by W. Bollay,'® but for the entire wing instead of 
for elementary wings. This way, free vortices flow off 
at the rear at an angle of a/2 in any place on the wing 
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where vortex intensity is changing. In the case of 
small angles of attack (a — ()), the vortex model be- 
comes the usual model of the linear theory. 


The problem is now to determine the induced veloci- 
ties at the wing area in the model thus defined. The 
resulting integral equation can be solved in two steps, 
the first step being identical with the linear solution of 
the simple calculation method of Truckenbrodt. From 
the solution of the first step, we obtain for the nonlinear 
part a modified equation whose structure is analogous 
and which may be solved by thesame calculation method. 
Numerous examples for rectangular, swept, and delta 
wings were calculated according to this method; fur- 
thermore, the aerodynamic coefficients as well as the lift 
distribution were determined and compared with meas- 
ured results. Theory and measurements agree quite 
satisfactorily. The following figures refer to a rec- 
tangular wing with an aspect ratio of one. In Fig. 19, 
the lift coefficient c, is plotted against the angle of at- 
tack a, with curves for the results of both the linear and 
the nonlinear theory. The dots represent test values 
from various measurements, and they agree satisfac- 
torily. Fig. 20 illustrates the calculated results for the 
induced drag c,, which also show good agreement with 
test results. The same applies to the moment co- 
efficients shown in Fig. 21. The lift distribution over 
the span—an important criterion for the quality of the 
calculation—also agrees satisfactorily with the measure- 
ment results. This is demonstrated in Fig. 22 in which 
is given an example for an angle of attack of a = 19.4°. 

These results prove that a satisfactory solution has 
been found to the problem of calculating wings of 
different shapes—a problem with which experts have 
dealt for many years. 

Recently, the possibility of further improving laminar 
profiles has been studied at the Aerodynamic and Gas- 
dynamic Institute of the Technical University in Stutt- 
gart. A certain success was added to the numerous ef- 
forts, which originated years ago at the NACA and sub- 
sequently were pursued by numerous scientists,'® to ob- 
tain a further reduction of the minimum drag and an in- 
crease in maximum lift with otherwise identical 
characteristics. 

The basic plan of this research" was to investigate 
more closely the velocity distribution at the profile not 
only in the laminar part of the boundary layer, but also 
in the turbulent zone, and to look for a drag optimum 
from the study of the entire boundary layer of the pro- 
file. Theoretical deliberations about the boundary 
layer showed that a “‘concave’’ velocity decrease in the 
turbulent zone would favor a delay of the turbulent sep- 
aration. Fig. 23, exemplifying this, shows in its upper 
part the profile coordinates of two symmetrical profiles; 
the dashed contour is a profile of the NACA series 64- 
018 with a thickness of 18%, and the drawn curve is a 
modified profile with a 19.1% thickness. The velocity 
distributions of these two profiles are plotted in the 
lower part of Fig. 23, with w« made dimensionless by the 
main flow velocity. It is clear that the new profile has 
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two zones with “‘concave’’ velocity decrease behind its 
speed maximum. 

Both profiles were tested in the wind tunnel at two 
Reynolds numbers. The results have been plotted in 
Fig. 24. In addition to the profiles represented in Fig. 
23, these have a superimposed camber, as evidenced by 
the profile numbers. The tests revealed a consider- 
ably reduced drag for the new profile in spite of its 
greater thickness. 

Special attention is also given to the spot in which the 
velocity gradient reverses its sign and behind which, in 
general, there occurs either a laminar separation with 
subsequent smoothing of the flow and transition to tur- 
bulent boundary layer, or an immediate passage from 
laminar to turbulent boundary layer. The former is 
quite disadvantageous with respect to the drag and thus 
must be avoided. Appropriate patterns of velocity 
distribution have been developed and are at present ap- 
plied in profiles to be tested. This question is also of 
importance with regard to obtaining optimal C,,,,, 
values. 
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In order to facilitate a detailed study of these prob- 
lems, a wind tunnel was constructed which is to be seen 
in Fig. 25. Its contraction ratio is 20, and it has a 
measuring section of 2.43 by 8.86 ft. at a velocity of 300 
ft./sec., and a power of 180 kw. 

The Research Department of the firm Bélkow- 
Entwicklungen in Munich also devoted much attention 
to the development of wing profiles with optimum char- 
acteristics. The theories of Lighthill and Truckenbrodt 
were advanced in order to develop a method permitting 
a relatively economic calculation of profiles and bound- 
ary layers with a given course of the pressure distribu- 
tion.'® 

The DVL Institute for Applied Mathematics and 
Mechanics in Freiburg is especially active in research 
concerning the boundary-layer theory. Primarily, the 
stability of the laminar boundary layer and the problem 
of transition to turbulence, are being studied. Also, 
the stability theory of finite perturbations has been es- 
sentially promoted.'® A summary on the work of this 
institute, which is cooperating closely with all scientists 
working in this field, is contained in DVL Report No. 
123.7 

Interesting results*! in the field of theoretical 
boundary-layer calculations have been achieved also at 
the Institute for Applied Mathematics of the Technical 
University in Karlsruhe. By stating the limits of exact 
solutions, it is now possible to judge the quality of ap- 
proximation methods applied in the calculation of 
boundary layers. 

In Brunswick, at the Institute for Aerodynamics of 
the DFL (German Research Establishment for Avia- 
tion), research was continued toward determining the 
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lift distribution on wings with jet flaps, for improvement 
of the lift. This problem is known to be of importance 
in the development of STOL airplanes, which are of 
special interest for West Germany. Spence*? and 
Maskell and Spence** had already treated the two- 
dimensional problem as well as the elliptic wing with 
elliptic distribution of the jet momentum. Fig. 26 
shows the vortex model they used, and the resulting 
pressure distribution on wing and jet layer. The in- 
crease in lift is known to have two causes: first, there is 
the direct reaction force of the jet, and second there is an 
additional circulation, the so-called supercirculation. A 
method has now been found which permits calculation of 
the lift distribution for any random wing profile—and 
hence also rectangular, swept and delta wings—and for 
any random distribution of the jet momentum.” A 
theory pertaining to this was developed, combining the 
two-dimersional jet-flap theory of Spence*? and the 
wing theory of Truckenbrodt.* The resulting vortex 
model is shown in Fig. 27, an amplification of the vortex 
model shown in Fig. 26. The wing is here broken up 
into infinitesimal wing elements with span dy and local 
depth c(y). 

This method is based on the fact that, in compliance 
with the results of the two-dimensional theory, the 
kinematic flow conditions are being met in each section 
in just two points of the wing and in one point far behind 
the wing. This result in a system of linear instead of 
integral equations, with 3/2(N + 1!) equations for an 
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Fic. 30. Anemometer. 


identical number of unknown quantities, V designating 
the number of wing sections along the span. This dis 
closes the distribution of vortex intensities on the wing, 
and thus all aerodynamic coefficients. 

Fig. 28 shows the calculated results and a comparison 
with measurements performed by Williams.*6 We have 
plotted here the lift coefficient c, as a function of the 
angle of attack a for the different values cu of the jet 
momentum (cu is here defined as the momentum per 
second divided by the product of dynamic pressure 
multiplied by wing area). Measurements yield results 
somewhat higher than the calculated ones; this is es- 
sentially due to certain approximations applied in de- 
ducing the theory. 

Fig. 29 compares theory and measurements regarding 
the wing moments. The lift coefficient c, has been 
plotted as a function of the longitudinal moment coeff- 
cient cy, for different values cu of the jet momentum. 
Here, too, conformance is pretty good, considering that 
the moment is much more sensitive to differences in lift 
distribution than to the total lift. 

The result of this research is a method which enables 
the project engineer of STOL airplanes to determine the 
flight performance for different wing shapes and differ- 
ent distributions of the jet momentum. 


(3.5) Turbulence 

At the DVL Institute for Turbulence Research, an in- 
teresting anemometer has been developed which permits 
one to trace the course of nonstationary flow in the at- 
mosphere.*’ Information on the turbulence :n the at- 
mosphere near the ground is of great importance, as it 
influences the spreading of dust, moisture, radioactive 
carriers, etc., as well as the balance of temperature and 
humidity, i.e., fog formation. 

An instrument has been developed which is to be seen 
in Fig. 30. It has fan-wheels with stationary axes, and 
the revolutions per minute are proportional to the ve- 
locity components along the revolution axis. The 
transducers have been installed in a sphere of 0.8 in. 
diameter; the wheel diameter is 4 in. 

Figure 31 shows the measurements of two ane- 
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mometers mounted only about 3 ft. above the ground 
and spaced approximately 1 ft. apart. Due to their 
proximity, both instruments have almost the same spec- 
trum of low velocities, which was to be expected on ac- 
count of the close correlation. It is of importance 
that—in contrast to hot wires, for instance—negative 
speeds are also recorded. The instrument is used for 
determination of correlation functions. 

In line with its tradition, the Institute for Aero- 
nautics in Munich engages in atmospheric research. At 
present a high-altitude glider is being built, which will 
permit one to stay aloft at altitudes up to 60,000 ft. for 
some time.*> Fig. 32 shows this glider along with some 
basic data. With its span of about 100 ft., aspect ratio 
of 20, and maximal weight of 7,300 Ibs., its rate of 
descent is 6.5 ft./sec. at 46,000 ft., and 8.2 ft./sec. at 
60,000 feet. It has a pressurized cockpit and its own 
propulsion by a Pratt & Whitney JT 12-A6 jet turbine. 
Flight time is up to 7 hr., 4 hr. of which are at the alti- 
tudes mentioned, and its range is up to 1,800 miles. 
The cockpit accommodates two persons. The payload 
for scientific instruments is about 450 Ibs. The glider 
is expected to be used as follows: 

(1) For investigation of the structure and turbulence 
of jet streams. On account of the expected extraor- 
dinary stress, the glider has been designed for an ulti- 
mate load of 12 times the normal load. In addition, an 
automatic flight control has been installed, which will 
keep the angles of the three axes of the glider constant 
in space, so that only translational movement of the 
glider will occur. The latter permits determination of 
the structure and intensity of gusts. 

(2) For measurements of different kinds of radiation 
in the stratosphere, for instance, radioactive clouds, 
cosmic radiation, insolated and emitted radiation of the 
earth, or clouds, etc. 

(3) For photographing the earth’s surface, cloud for- 
mations, seas and sky, etc. 

(4) For meteorological missions to study condensation 
phenomena in the atmosphere, etc. 

(5) To act as carrier for some other tests, e.g., of radar 
techniques. 

The first glider will be completed and tested late in 
1961. Preparations for the construction of additional 


gliders are under way. 


(3.6) Gas Dynamics 


Now for some examples from gas dynamics. 

The influence of a body on a shock wave upstream of 
the body was investigated at the Institute for Theoreti- 
cal Gas Dynamics of the DVL in Aachen.” The de- 
formation of the shock wave and the changes in the 
aerodynamic forces due to the influence of the body were 
calculated for a normal shock wave which is in the flow 
for one reason or another. It is assumed that the 
shock may be of arbitrary intensity, whereas the pertur- 
bations of the shock must be small. After linearization 
of the potential and shock equations, the deformation 
of the shock and the changes in the aerodynamic forces 
can be calculated according to the singularity theory. 
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The left side of Fig. 33 illustrates the influence on the 
shock of a two-dimensional airfoil without lift. The air- 
foil chord is 1 and the thickness ratio 7, and a is the dis- 
tance between the leading edge on the unperturbed 
shock. In the following example the Mach number WM 
upstream of the shock is 1.58 and the thickness ratio r 
is 0.1. In this example, the airfoil shape is formed by 
two parabolic biconvex arcs. The right-hand side of 
Fig. 33 represents the shock deformations for different 
a’s. The perturbed shock wave lies upstream of the 
unperturbed shock and is considerably disfigured. 
The streamlines near the x axis pass an oblique shock, 
and therefore the entropy increase differs in this place. 
The entropy change modifies the aerodynamic forces 
and reduces, in our case, the drag by Acp. Fig. 34 shows 
the result for the same example, with Acp plotted as a 
function of the distance a between the airfoil and the un- 
perturbed shock wave. The influence of the shock 
is considerable. For the special case when a = (0 and + 

















Xs 7 wae - uae shock shock deformation 
c Mo 
16 =! 
74 st 
12 
10 | 
Qe rrr ee scons aawn aaaee Oe Dee eee nee 
6 
4 
2 
% 1 2 3 a ~ 


M=158 
Fic. 36. Lift modified by shock. 


Strong Shock © Heat-Addition Contact Surface Weak Shock 


x Af , a a a ae as Fs a BP 





M:=2 

















© ® ® 


/ ee i ae ee a ae ae 
Situationat Time t 











, —edistance x 
Time Diagram 





Tithe 7 
ZILIA a a Se eras 
L444 
£ 
1.2+2 








Pressure and Temperature Distribution 


Fic. 37. Heat addition in the overcritical state. 








270 JOURNAL OF THE 
= 0.1, the reduced drag approaches that of the friction. 
The change of the drag Acp is proportional to the square 
of the thickness ratio 7. Fig. 35 shows the influence of a 
flat plate at an angle of incidence on the shock wave. The 
angle of attack is a and the distance between the flat 
plate and the unperturbed shock wave is a. The de- 
formation of the shock is asymmetrical in this case, 
and the results for different values of a are shown on the 
right-hand side. The angle of attack is 10° and the 
Mach number of the velocity upstream of the shock is 1/7 
= 1.58. The deformation changes linearly with a, and 
it is thus possible to calculate directly other deformation 
values. 

The influence of the perturbed shock on the airfoil 
There results a change in the lift 
The lift increase Oc,,/Oa is 
It is to be rec- 


is shown in Fig. 36. 
which may be considerable. 
plotted as a function of the distance a. 
ognized that the change in the lift increase attains the 
same order of magnitude as the lift increase itself. 

This shows that the deformation of a shock wave by a 
body not only is of theoretical interest but it assumes 
practical importance in those cases where a body ap- 
proaches a shock wave not caused by it. This effect 
might be of special importance if a measuring instru- 
ment, for instance a Pitot tube, were to get close to the 
shock wave; the recording would then be erroneous. 
In the meantime, the calculations have been performed 
for axially symmetric bodies also and will be published 
shortly. 
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In the same institute of the DVL, the problem of heat 
addition to a gas flow in a pipe at supersonic speed was 
treated.*® It is well known that the steady flow condi- 
tions in a pipe of constant cross-sectional area are modi- 
fied both downstream and upstream at the region of 
heat addition. This happens by means of an unsteady 
process. 

For sake of simplicity, choking was admitted as the 
initial state. In this case, the stream velocity behind 
the region of heat addition is equal to the local speed of 
sound. The effect of modifying the state and flow 
conditions by increasing the heat from the value g by 
Ag has been calculated, for Ag is small compared with the 
enthalpy of the gas. Some more idealizing assumptions 
have been made, such as constant specific heats, no fric- 
tion, homogeneous medium downstream and upstream 
of the region of heat addition, and soon. The assump- 
tion of constant specific heat is not necessary and was 
made only for the purpose of simplifying the calculation. 

Fig. 37 shows an example of the result of heat addi- 
tion at supersonic speed (JJ = 2). In the stationary 
case, a standing normal shock is set up immediately 
upstream of the zone of heat addition, reducing the 
stream velocity from supersonic to subsonic. 

If we consider a further heat addition Ag, this normal 
shock will be traveling slowly upstream, as shown in the 
time—distance diagram. At the same moment, a weak 
shock wave is traveling downstream. Furthermore, a 
contact surface, dividing the medium with the heat g 
from that with heat g + Ag, is also traveling down- 
stream at a velocity identical with that of the flow. The 
upper half of Fig. 37 shows the positions of the shocks 
and the contact surface at the time ¢, deduced from the 
x-t diagram beneath it. Five regions with different 
state and flow parameters are to be distinguished. In 
regions 1 and 2 the stationary combustion equations for 
the case of choking are valid. The regions 2 and 3, as 
well as 1 and 5, are related by the shock equations; in the 
regions 3 and 4 the conditions for equal pressure and 
equal velocity at the contact surface must be applied. 
Finally, in regions 4 and 5 the general combustion equa- 
tions are applicable. 

The special conditions at the shock waves and the 
changes of state at the contact surface permitted linear- 
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ization of the defining equations. Thus analytical re- 
sults could be obtained for the calculation of the changes 
of state at the discontinuity surfaces. 

The method of calculation developed for the prob- 
lem of heat addition to a choked gas flow is also applic- 
able with other initial conditions. 

The same institute investigated the contractions of 
spherically symmetric shock waves with a view to pro- 
Fig. 38 shows in the 





| ducing high energy densities. *! 
upper right-hand corner a schematic illustration of the 
| process studied. Temperature and pressure conditions 
were calculated for a convergent spherical shock wave 
with certain basic values at the starting radius R. This 
example assumes that the initial value for the tempera- 
ture ratio 7,/7) is 1.83, and the initial temperature 7) 
The pressure ratio p2/p; is 5.3, with the initial 
Hydrogen was used as a medium. 


is 273°. 
pressure p; of 1 atm. 
Temperatures and pressures increase strongly with de- 
creasing radius 7, as shown in the plot of Fig. 38. On the 
horizontal scale the ratio R/r is expressed logarithmi- 
cally in order better to illustrate the results in the vicinity 
of the center of the sphere. The value of R/r = 10° 
thus means that the shock wave has approached the 
center by a thousandth part of the starting radius. 

Two results are represented in Fig. 38. The first one 
is the course of the temperature provided that the gas is 
not dissociated, i.e., that the ratio of the specific heats k 

| is constant and equal to 1.4. The second one assumes 
that the gas has dissociated in conformance with the 


| equilibria pertaining to the different temperatures and 


| Dmax = 1-2A[ {PTE -1] 


2 

| hap (Fe) 
Nmax =Maximum attainable Efficiency 
d =Diameter of the Capillary Tube 
E =Dielectric constant 
g =Potential of the Double-layer 
U =Viscosity of the Liquid 
8 =specific electric Resistance 

Fic. 41. 
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Fre. 43. Efficiency of an electrokinetic pump. 


pressures. This curve shows the expected influence, 
which is considerable. The actual course will lie some- 
where between both curves, depending on the delay of 
the dissociation. The values have been calculated up 
to a temperature of 7, = 10,000°K., so that no notice- 
able ionization was yet to be registered. 

Fig. 39 shows the respective pressure ratios in cases 
with and without dissociation. The pressure differences 
are less pronounced than the temperature differences 
Furthermore, the 
diagram shows the development of the degree of 
notice that at R/r = 10* the gas 
Parallel experiments 


which is quite understandable. 
dissociation ap; 
dissociation is almost complete. 
are being conducted at the Institute for Applied Gas 
Dynamics of the DVL. They are aimed at producing 
high energy density with spherically symmetric shock 
waves. 


(3.7) Plasmadynamics 

Now for some examples on electromagnetically in- 
fluenced fluids. 

The aim of the following section is to show that a long- 
known physical effect may be utilized for different pur- 
pose. I amreferring to an electrokinetic energy trans- 
ducer which transforms the kinetic energy of fluids di- 
rectly into electrical energy, and vice versa. 

Since about 1880, the so-called electrokinetic phe- 
nomena in capillary tubes and diaphragms, which are to 
be considered as numerous parallel capillary tubes, 
have been known. 

As shown in Fig. 40, an electric double-layer exists in 
capillary tubes; one layer is attached to the interior 
tube wall, and the other one is located in the fluid and 
can be moved with it. This latter layer is located at 
approximately three quarters of the radius. Attaching 
electrodes to both sides of the capillary and moving the 
fluid will generate electric energy. If, on the other 
hand, an electric tension is applied to the electrodes, 
there results a movement of the fluid with a pumping 
effect, which is also known as electroosmosis. 

In the DVL,* the conditions were examined under 
which the energy generation is efficient. It was shown 
that the maximum attainable efficiency nmaz is a simple 
function of the coefficient 4. This relationship and the 
equation for the coefficient \ are presented in Fig. 41. 
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\ depends on the diameter of the capillary, on the di- 
electric constant ¢, on the so-called ¢-potential of the 
double-layer (which, in turn, depends on the selected 
combination of materials, i.e., liquid and wall of tube), 
on the viscosity u of the liquid, and on the specific elec- 
The smaller the value of A, the larger 
The equations show that, 


tric resistance p. 
becomes the efficiency nmaz- 
for instance, the combination of glass for the capi lary 
tube and distilled water may result in a maximum effi- 
ciency of over 0.5, provided the diameter of the capillary 
tube is about 10~* to 10-° mm. Diaphragms from 
sintered glass or other synthetics with capillaries of ra- 
dius within these limits seem possible. 

Experiments were run with a diaphragm of sintered 
glass with capillaries of 0.002—0.006 mm. diameter, d, 
and 5.7 mm. length. The diaphragm was 46 mm. in 
diameter, D, and contained approximately 5 X 107 
Fig. 42 illustrates the results of the pump- 
The vertical scale 


capillaries. 
ing effect under 100 v. tension. 
represents the pressure in atmospheres and the horizon- 
tal scale the output in em.*/sec. The solid line, ex- 
pressing the theoretical values, and the dots, represent- 
ing test values, agree satisfactorily. Fig. 43 shows the 
theoretical maximum efficiency as a function of the co- 
efficient }. The experimental efficiency is somewhat 
low, but in good agreement with the theory. 

Further tests with capillaries of smaller diameter are 
under way, now that these can be manufactured. 

Utilization of this effect will be beneficial in, for ex- 
ample, the control of missiles, when relatively small 
voltages are required to produce high pressures, for in- 
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stance of £0 atmospheres, and to move parts of the con- 
trol mechanism. Weight and retarding times will be 
small. 

The Institute for Mechanics at the Technical Uni- 
versity in Aachen is investigating the behavior of shock 
waves which can be studied in a shock tube with a 3.5 X 
3.5 in. test section. It is well known that the electrical 
conductivity, i.e., the degree of ionization of a gas in- 
creases when the gas is compressed by a shock wave. It 
is, however, less well known that ionization of the gas 
starts already in front of the shock wave as a result of 
electron diffusion. 

The conductivity of the gas in front of the shock wave 
was investigated at this Institute,** as shown in Fig. 44. 
These measurements were carried out in argon by in- 
stalling a glow-discharge probe in the test section. The 
probe started to respond at an electron density of about 
10° to 10’ electrons/cm.* The distance s in front of the 
shock was determined experimentally at the place of 
first response of the probe, i.e., where the above-men- 
tioned value of electron density was attained. The ex- 
periments were performed at different Mach numbers 
M, and initial pressures p in front of the shock. The re- 
sults are shown in the diagram in which the distance s is 
plotted on the horizontal scale and the increase in gas 
conductivity behind the shock on the vertical scale. 
There is a functional connection between the Mach 
number and theconductivity behind the shock wave such 
that the conductivity increases with increasing Mach 
The increase in conductivity is plotted in rel- 
In the experi- 


number. 
ative values for demonstration purposes. 
ments JJ was varied between 6 and 9. The relation 
Ao = f(s) has been determined for four initial pressures. 
It is to be recognized that the numerical values of s are 
The test results agree, in 
The significant 


of considerable magnitude. 
principle, with theoretical calculations. 
result of these investigations is that, owing to electron 
diffusion, the conductivity keeps increasing behind the 
shock also, because the shock runs into already pre- 


ionized gas. Furthermore, the result is of importance 
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Plasma generator. 
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in cases where the flow is influenced by magnetic fields 
and thus, in turn, it affects the shock itself. 

One of the assignments of the Thermodynamic 
Institute of the Technical University in Brunswick is to 
investigate plasma. The behavior of argon and hydro- 
gen at temperatures up to 100,000°K. was investigated 
and Fig. 45 shows the enthalpy—en- 


theoretically, *™ 
tropy diagram with lines for constant pressures and tem- 
peratures calculated for argon. In the calculations the 
gas is assumed to be in thermodynamic equilibrium. 

As can be seen in Fig. 45, ionization sets in above 
8,000°K. and effects a strong shift in the curves. This 
is to be recognized from curves calculated without any 
ionization, for purposes of comparison. At tempera- 
tures exceeding 20,000°K., the influence of enclosed 
radiation must be considered also, since a gas is subject 
to this when completely enclosed by a gas of identical 
state. This influence gains importance with increasing 
temperature, as can be recognized by a comparison of 
the two curves with and without enclosed radiation. 
However, enclosed radiation need not always be taken 
intoaccount. In thin plasma layers, for instance, it has 
no effect, and thus the curves change considerably in 
this case. 

It should be mentioned also that ionization is not yet 
complete at 100,000°K., since only 7 of the 18 electrons 
have been separated from the atom. 

Now I should like to mention studies on heat trans- 
fer between plasma and cooled bodies.**® The calo- 
rimeter in this test is a thin-walled copper tube 
with water passing through it, which is inserted in a 
steadily operating electric arc. Heat transfer is calcu- 
lated by measuring the temperature increase in the 
water and the quantity of water that has passed through. 
In one instance, the electric are was operating in air and 
in the other it was water-stabilized up to an intensity of 
about 100 amp. for higher temperatures. 

The experiments revealed that up to 7,000°K. the 
heat transfer may be determined by the usual calcula- 
tion methods, taking into account dissociation and ion- 
ization of the substances in question. At higher tem- 
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Fic. 47. Coil and probe. 
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peratures, up to 14,000°K., studies have been made but 
a comparison with calculations is not yet possible, be- 
cause the physical properties of water plasma at these 
temperatures are as yet insufficiently known. Values 
of the thermal flow up to 6.10" keal./m.*hr. or 5,500 
kw ft.? have been measured thus far. 

At the Institute for Plasma Physics of the Jiilich 
Atomic Research Center,® experimental and theoretical 
research is being conducted with a view to obtaining 
plasma of high temperature and high values of the 
product of particle density and confinement time. 
In contrast to other experiments (for instance, stella- 
rator) which are aimed at large confinement times at 
relatively low particle densities, the experiments in 
Jiilich, with fast magnetic compression of the plasma,** 
are aimed toward high particle densities with relatively 
low confinement times. After preheating and _pre- 
ionization, the plasma is compressed by a rapidly 
growing magnetic field and heated. In this process, the 
main discharge first produces radial shock waves, fol- 
lowed by an adiabatic compression with a still growing 
magnetic field. 

In the front of Fig. 46 is seen a discharge tube a and a 
coil 6 with only one turn, and the collector plates c 
which feed the current to the coil from a condensor bank 
d in the background. Preheating is effected from the 
connection e to the collector plates to be seen on the 








274 JOURNAL OF THE AEROSPACE 





Altitudelkm] 






- 
°Fez 701kHz | 
Rabat 610kHz | 
«Dr oi twich 200kHz 


20 40 
Field Intensity [db] ——» 


—_—__——_} 











Fic. 50. Measurements of field intensity. 


—o— [A5i< 20° 
--+==56>1A51>20° 


















































Fic. 51. Density at 660 km. 
”. | 2 a ae | — 
ae | | 
Ge | | | 
t 10” + t i—— 
| 
10” pp] 
10% — =a 
| true 
| focal time 
10° : Ss | 
10% : 
| | | 6 
100 200 300 400 500 600 700 


——= h lkml 


Fic. 52. Density vs. altitude at true local time. 
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left. Prior to the firing of the main bank, a quasi- 
stationary axial magnetic field can be switched on the 
discharge through the connection f to be seen on the 
right side of the figure. This quasi-stationary field 
remains trapped in the plasma during parts of the main 
discharge. It can lead to an additional heating 
mechanism when interdifusing with the magnetic field 
of the main discharge. 

Fig. 47 is a sectional enlargement of Fig. 46, showing 
clearly the discharge tube a, which has a 1.6-in. diam 
eter, and the coil b. The magnetic field measurements 
were performed by very small probes g, the diameters 
of which are only 1 mm., supplying the data on field dis- 
tributions as functions of space and time during the peri- 
ods of preheating and main discharge. The main dis- 
charge shows a remarkable separation of magnetic 
field and plasma. 

Fig. 48 shows results* on the discharge as a function 
of time. On the horizontal scale is plotted a period of 
about 4 usec. The tube had been filled with Ds». gas 
with a 5% addition of carbon. The upper curve gives 
the voltage during the preheating and the main dis- 
charge. 

The lower diagram of Fig. 48 shows the intensity of a 
few spectral lines of the carbon in a time resolved 
form. The degree of ionization goes up from two to 
four. These lines appear successively, with double- 
ionized carbon present already in the preheating period. 
These measurements show an electron temperature 
between 0.5 and 1 X 10°°K. The ion temperature, 
measured by the Doppler broadening of lines of the 
C, spectrum, amounted to 1—1.7 kev. Neutron bursts 
of approximately 10° per pulse were observed at rela- 
tively low pressures, when the trapped magnetic field 
and the outer magnetic field were of opposite polarity. 

Corresponding experiments are being made inde- 
pendently at Los Alamos, Washington, and Aldermas- 
ton. There is a continuous exchange of experiences 
between these groups, especially between Alan Kolb’s 
group in Washington and the Jiilich group. This, 
is an excellent example of the international cooperation 
evident in many rapidly progressifig spheres of scien- 
tific-technical research. 

Other experiments in the Jiilich Institute are being 
made with a plasma gun in which the plasma is pro- 
duced and accelerated by a magnetic driver. The main 
purpose of these experiments is to investigate the 
physics of high-temperature plasma, and further to 
prepare the way for experiments in which plasma is shot 
into magnetic configurations with properties especially 


promising for stable confinement. 


(3.8) Space Research 

Let us now turn to some examples of research on the 
upper atmosphere and space. 

One of the missions of the Ionosphere Institute of the 
Federal Postal Authorities is to perform measurements 
of the field intensity at the lower ionospheric layer.*? 
Passive frequency spectrometers have been developed 


for installation in rockets. In cooperation with French 
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institutions, these are installed in Véronique rockets 
which are being launched in the Sahara. 

Fig. 49, left, shows the nose of the Véronique into 
which measuring instruments such as the antenna, re- 
ceiver, etc., are installed, as illustrated in the center part 
of the figure. Measurements with these instruments 
were performed as early as 1954. On the right-hand side 
is a new transistorized instrument which will be utilized 
during the next tests, scheduled for January 1961. 

Fig. 50 shows the results of previous tests. The field 
intensity resulting from three radio stations of 200, 610, 
and 701 ke. is plotted against the altitude up to approx- 
imately 9) km. or 58 miles. | While the results in the 
stratosphere disclose important information on the ex- 
pansion of waves due to diffraction, the absorption of 
these waves in the lower layers of the ionosphere is 
clearly demonstrated by the reduction in the field in- 
tensity of electrons in this altitude range. 

Future tests with the Véronique will also utilize a mass 
spectrometer which had been developed at the joint 
German-French Research Institute at Saint-Louis.*® 
This instrument permits measurements of the concen- 
tration of nitrogen molecules Ne, oxygen molecules Ons, 
as well as nitrogen atoms N and oxygen atoms O, and 
transmits the results to the earth. 

The observatory of Bonn University devotes some of 
its resources to the study of the characteristics of the 
upper atmosphere by means of satellite measurements 
in order to obtain reliable data on the distribution of 
density of the earth’s atmosphere at high altitudes. * 

Measurement results, carefully differentiated as to 
time of day and season, were evaluated according to a 
special method involving an iteration process,*' and thus 
the density values were obtained. This evaluation 
was based on the diurnal and seasonal measurements by 
Sputnik III, Vanguard I, and Vanguard II, which had 
been supplied by the Heinrich Hertz Institute in East 
Berlin, the Space Track Center, and the Smithsonian 
Astrophysical Observatory, respectively. 

Fig. 51 shows an example of the density distribution 
as a function of true local time at an altitude of 660 km. 
or 410 miles. The solid curve applies to Aé smaller 
than 20°, the dashed curve to Aé values between 20 and 
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56°. Aé expresses the difference between the declina- 
tions of perigee and sun. Above all, the essential in- 
fluence of the true local time on the density is to be rec- 
ognized, the maximum being at approximately 1400 
hours. The influence of Ad’, on the other hand, is less 
pronounced. 

Results of measurement at several altitudes have thus 
been evaluated, so that now the density can be deter- 
mined in relation to altitude and true local time. Fig. 
52 shows the distribution up to an altitude of 700 km. 
or 435 miles. At around 200 km. (125 miles) the 
density starts to vary according to the true local time, 
and at an altitude of 700 km. it reaches values which 
already differ from one another by a power of ten. 

At an altitude of 180 km. or 112 miles the density 
pattern shows an irregularity which has been closely 
examined.’ Fig. 53 shows the pattern in the zone be- 
tween 150 and 230 km. The solid line expresses the 
density at 1400 hours true local time, and the dashed 
line that at 0600 hours. The influence of the local time 
is quite minimal here. The measurements are from 
Sputnik III and Discoverer VI and some _ rocket 
launches; they were corrected, by use of a special 
method, for the fact that the density in these altitudes de- 
pends considerably on the intensity of solar radiation. A 
good, proportional measure was found to be the 20-cm 
radiation, and therefore the measured values were cor- 
rected commensurate with the variations of this 
radiation. Thus the stated values were obtained, and 
they showed relatively small scattering. It is probably 
the result of absorption of ultraviolet radiation that 
the density decreases more slowly between the altitudes 
of 180 and 200 km. This region, in which radiation is 
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especially pronounced, is known as the F; layer of the 
ionosphere. 

The Observatory owns a radiotelescope which is to 
be seen in Fig. 54. The mirror has a diameter of 82 
ft., and an electromechanical computer and a drive 
control enable it automatically to follow the movements 
of a celestial body. Based on the 21l-cm. radiation of 
the hydrogen atom, the radiotelescope is at present 
specifically used for research on the structure and 
kinematics of the galactic system, and also it provides 
valuable information on the density and structure of 
interstellar matter. 

An important contribution to interplanetary research 
is furnished by the Fraunhofer Institute in Freiburg, 
which maintains two observatories: one on the Schau- 
insland near Freiburg, and the other in Anacapri near 
Naples, Italy. The studies of this Institute are directed 
towards time-varying solar phenomena; these are 
registered and published in daily charts which are 
probably the most complete in existence, and which are 
consulted by all those studying solar influences on inter- 
planetary space or on the earth. It is well known that 
the state of interplanetary space is greatly affected by 
solar phenomena. 

A radiospectograph, working in the frequency range 
of 48 to 165 me./sec., registers the intensity and fre- 
quency of the so-called radiobursts. Fig. 55 shows this 
spectograph**—the only one of its kind in Europe—of 
which the six dipole systems mounted on a steel structure 
100 ft. long automatically follow the course of the sun. 
From these radiobursts one can draw conclusions on the 
very intensive solar bursts. The burst velocities are 
between 100 km./sec. and values approaching the 
velocity of light. 

Observation of these solar waves makes it possible to 
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AERONAUTICAL AND SPACE 


trace corpuscular bursts far into space. The particle 
streams act simultaneously as carriers of magnetic 
fields, and are thus responsible for the density distribu- 
tion and for the distribution of magnetic fields in inter- 
planetary space. It is to be assumed that the particle 
clouds are identical with the corpuscles which cause 
disturbances in the earth’s magnetic field. 

Fig. 56 shows a burst measurement;*? the horizontal 
scale defines the time and the vertical scales the fre- 
quency and wavelength, respectively. The almost 
vertical shadow-lines represent a burst, and it becomes 
evident that the radiation frequencies decrease more or 
less rapidly with time. The horizontal lines are inter- 
ference from earth transmitters. 

The results of this research are a contribution to the 
understanding of processes in interplanetary space as 
well as in the outer atmosphere of the earth. 

The Max Planck Institute for Stratosphere Physics 
in Lindau (near G6ttingen) conducts extensive studies 
on cosmic radiation. In addition to ground observa- 
tions, measurements are taken from balloons, with 
special attention to fluctuations of radiation intensity. 

Let me select an example from balloon flights per- 
formed in July 1959. Fig. 57 shows the remarkable 
measurement of 15 July. The counts per second of a 
single Geiger counter have been plotted as function of 
altitude given in mm. Hg as pressure, as well as in feet. 
The plotted points are the unusual values of this day, 
whereas the solid line gives the galactic radiation 
measured in days without special solar activity. Thus 
the course evidently deviated strongly from normal at 
high altitudes; this deviation is the excess radia- 
tion, which has been plotted separately in the lower part 
of the figure. 

Fig. 58 shows the excess radiation for all flights per- 
The ordinate is the excess radi- 
The four 


formed in July 1959. 
ation in per cent of the galactic radiation. 
curves apply to four different altitudes given on the 
right side in mm. Hg. It is to be seen that on some 
days, and especially on 15 July, there existed consider- 
able excess radiation which appeared, however, only at 
altitudes above 70-100 mm. Hg or about 50,000 ft. 
A radiation excess of nearly 50 per cent was measured 
on 15 July between 10-15 mm. Hg or about 90,000- 
100,000 ft. 

The cause of this excess radiation is certainly to be 
seen in solar activity; however, investigations on the 
more exact interrelation of these phenomena and on the 
nature of this radiation have not yet progressed to a 
point permitting clearly defined statements. 

Lately, another subject has gained importance among 
the numerous topics discussed by scientists attending 
the COSPAR meetings: a close correlation between 
the cosmic radiation intensity fluctuations and their 
effects has been determined in measurements at stations 
all over the world, and it has been concluded that the 
observed fluctuations, which are due primarily to mag- 
netic storms and solar activity, are all modulated by 
one additional phenomenon. It has been found that all 
primary rays reaching the earth lose a certain fixed 
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amount of energy, regardless of their initial energies, 
and that this loss varies with time. This deceleration 
effect could be explained by assuming a potential dif- 
ference U between earth and space, with a variance in 
time due to the solar activity. 

The Max Planck Institute for Stratosphere Physics*” 
was able to contribute to the clarification of these 
relationships by calculations based on their own 
measurements and also on those of McDonald and 
Webber and McDonald.“ These measurements 
yielded integral as well as differential spectra of the 
radiation intensity. Fig. 59 illustrates the integral 
spectra, with the vertical scale expressing the intensity 
P, the horizontal scale the momentum 7 in reduced 
form, and the energy loss uw caused by the potential 
difference L’ as parameter. The scale of the ordinate 
P differs for protons and a-rays only by a constant. 
The solid curves are the result of calculations based 
on the reasoning just explained, and they evidence the 
important influence of UL’, and hence u, on the intensity 
P. The curve » = 0 follows an equation in which the 
spectrum is proportional to Lx in Exin designating 
the kinetic energy of the particles. 
this curve is considerably modified by different values 


It can be seen that 


of » and thus LU’. 

The results of proton and a-radiation measurements 
follow quite closely the course of the curve established 
for constant u, and thus permitted determination of the 
value of U’ on the different days when measurements 
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were made. It is to be noted that by definition there 
must be, for identical U’, 


fa = 1 2 Kproton 


This, too, has been very well satisfied. 

Furthermore, it is now possible, for example, to ex- 
press the neutron intensity measured in a certain place 
as a function of U, since U was found for different days 
according to Fig. 59 and, in general, the neutron inten- 
sity of these days is also known. This is represented in 
Fig. 60; the vertical scale expresses the percentage of 
neutron intensity in Weissenau, Germany, with the 
100 per cent value taken to be a rounded-off value 
(28,000/hr.). From the measured values on the dif- 
ferent days we can now see the amount and the fluctua- 
tions of the earth potential, which fluctuates between 
a minimum of 10° v. and values exceeding 2 X 10° vy. 
Other measurements taken on 15 July, 1959 even yielded 
a value of about 2.7 X 10° v., the highest thusfar. The 
minimum coincides with the sun spot minimum, and 
the maximum with the strongest magnetic storms. 
During these storms the potential may increase within 
several hours by approximately 1 X 10° v. 

Although an insight has been gained into the amount 
and fluctuations of this earth potential, it now remains 
to study the location of the effective field. Apparently, 
larger potential differences develop only at greater dis- 
tances from the earth (>100,000 km.); however, only 
with far-range rockets could information on this be 
It is not yet known whether the field is of a 
On the other hand, 


gained. 
geocentric or heliocentric nature. 
it seems clear that it is a dynamic electric field. 

The Max Planck Institute for Chemistry in Mainz 
engages in the examination of meteorites which have 
been found on the earth. In addition to determining 
the age of these meteorities, they study primarily the 
extent to which the meteorites have been affected by 
cosmic radiation. 

The spallation products in the meteorites, which 
appear as a result of cosmic radiation and which are 
minutely examined, permit conclusions as to radiation 
ages and exposure ages; they also allow one to estab- 
lish data on the energy spectrum and the total intensity 
of the cosmic radiation and its fluctuation with respect 
to time. In comparison with ground measurements of 
the cosmic radiation, or satellite measurements, this 
has the advantage that it yields information on the 
cosmic radiation outside the magnetic field of the earth 
because the time required to pass through this field 
and the atmosphere is relatively short compared with 
the age of the meteorite. 

While high-energy radiation (particles with energies 
of over 1 Bev) is quite well known because it penetrates 
close to the earth, low-energy radiation is less well 
known. It is on this subject that the meteorite ex- 
aminations yield important information. 

The reaction products argon-39,** chlorine-36,” and 
sodium-22,5! were recently tested in detail. By study- 
ing the fissions per unit time and mass of sodium-22 in 
the Breitscheid meteorite of 1956, as shown in Fig. 61, 
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it was determined that the mean intensity of the cosmic 
radiation during the period 1954-1956 was about 0.68 
particles/cm.*-sec.-sterad, including particles with en- 
ergies down to about 100 Mev. It could furthermore 
be determined that the ratio of the radiation intensity 
for particle energies below 1 Bev to the intensity for 
particle energies over 1 Bev is about 2.1. This demon- 
strates that the largest part of the intensity is not 
accessible to measurements made close to the earth. 
These are important indications regarding the state of 
interplanetary matter. 

By virtue of its relatively short radioactive period of 
2.6 years, potassium is especially suitable for studies of 
the cosmic radiation intensity fluctuations caused by 
solar influences. Research was aimed at determining 
the composition of potassium isotopes in iron meteor- 
ites.°* It was shown that the relative frequency of K*°, 
K“, and K*! in the meteorites varies considerably from 
the relative frequency of these isotopes in terrestrial 
potassium. Fig. 62 demonstrates this difference. It 
must be noted that the relative frequency of the iso- 
topes in terrestrial potassium always has identical 
values in all samples and shows no scattering, so that 
the differences and terrestrial 
potassium permit determination of the age of the 
meteorite and also the cosmic radiation intensity. 
The calculations indicated that the mean cosmic 
radiation had remained constant over a long period 


between cosmogenic 


of time. 

At the Astronomic Institute of the Tiibingen Uni- 
versity, research is carried on in the field of optics and 
mechanics of interplanetary matter. Our knowledge 
of this subject, gained from studies performed on the 
earth or in its vicinity, is based primarily on the pho- 
tometry of sunlight scattered by the interplanetary 
particles. 

The zodiacal light plays an important part in this 
research. This light originates from the sunlight 
scattered by the relatively high-density matter in the 
earth’s orbital plane, which can be observed. However, 
this must be separated from other luminous effects 
participating in the glow of the night sky, to which the 
glow of the star background and the airglow of the 
ionosphere contribute. Absorption and scattering of 
light within the atmosphere present further difficulties. 
Hence the determination of the light-scattering func- 
tions of electrons and dust particles are very important. 
They are the special subject of theoretical and experi- 
mental research carried out in the Institute at Tiibin- 
gen.°3 

Another important characteristic of the zodiacal 
light is the polarization of a considerable part of the 
This polarization has received special 
established the 


scattered light. 
attention,®*! and measurements have 
preferred direction of oscillation as almost vertical to 
the earth’s orbital plane. 

It was further shown that the scattered, polarized 
light originates primarily from sunlight scattered by free 
electrons, and that interplanetary dust takes a minute 
part, or no part at all, in this phenomenon. 


SPACE 


‘for spherical particles which reflect totally. 
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Gas vesicles 


Fic. 65. 


By measuring the total scattered light and the 
polarized part of it, the number 7, of electrons per cm.* 
and the number v, of dust particles per cm.* can be 
calculated, and thus the density of the matter can be 


found. Fig. 63 shows the results of a series of measure- 
ments. is the distance between sun and earth, and r 


the distance of the observed point ? from the sun. 
The point P is to be seen at an elongation ¢, and the 
light at ? is scattered at an angle #. 

The calculated number of electrons per cm.,* ”,, has 
been plotted against r/R; the number of electrons de- 
creases from about 1,000 to 500 with increasing r be- 
tween r/R of 0.5 and 1.2. A considerably smaller 
quantity results for the number of dust particles; how- 
ever; it must be taken into consideration that for cer- 
was assumed 
Also, the 


tain reasons an average radius of 10~* cm 
zodiacal light can be measured only for values of ¢ > 
30° (i.e., r/R > 0.5) because the coronary glow of the 
sun dominates when the values are smaller than that. 
From these tests the density of interplanetary matter 
in the earth’s orbital plane can thus be found. Assum- 
ing that in addition to the electrons there is an iden- 
tical number of protons, we get a density of approxi- 
mately 1.2 X 107?! gm./cm.* in the vicinity of the earth 
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Pellet recorder. 
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It is to be noted that these values diminish consider- 
ably outside the earth’s orbital plane. For instance, 
at a vertical distance of r/R = 0.5 of the earth's orbital 
plane, the dust density is only 10 per cent of the values 
just mentioned. 


(3.9) Flight Medicine 

Finally, permit me to talk about two examples from 
the field of flight medicine. 

The staff of the DVL Institute for Flight Medicine 
in Bonn is engaged in the study of the causes, pro- 
phylaxis, and therapy of the rapid decompression sick- 
ness to which high-altitude pilots are subject. The 
formation of intravascular gas bubbles, as might hap- 
pen for instance in defective altitude chambers, etc., 
is known to be a great danger in connection with rapid 
decompression. 

It was shown®* that the formation of these gas 
vesicles not only follows the simple physical laws 
of gas absorption, but also depends on different in- 
fluences. Fig. 64 shows the formation of such bubbles. 
On the left-hand side we see the blood circulation in the 
vein of a cat at low altitude, made visible on an X-ray 
screen by a radio-opaque material. The right-hand 
side shows the same circulation at 60,000 ft. altitude. 
In the middle of this image we recognize clearly an 
interruption in the flow, which is filled with gas vesicles. 
Fig. 65 shows the gas bubbles, having formed in great 
number, interrupting the blood circulation. 

It was found that the formation of gas bubbles can 
be influenced considerably by premedication with fer- 
ments, injection and inhalation of narcotics, and tran- 
quilizers. Fig. 66 presents the results of extensive 
tests on rats which had been treated with Thiogenal 
and Evipan prior to a pressure drop from 60,000 ft. 
On the left are the results on rats without premedica- 
tion, the black column indicating the number of animals 
with gas bubble formation and the white indicating 
those without any. In 83 per cent of the rats gas vesicles 
developed. The succeeding three test series show the 
results after premedication with Thiogenal, with the 
dosage increasing from 0.065/thousand of the body 


weight to 0.200/thousand. Gas vesicle formation has 


AEROSPACE 


SCLTENCES APRIL 1961 

decreased considerably. The last test series, on the 
right, the with 
0.150/thousand Evipan, which completely prevents gas 


shows result after premedication 
bubble formation. 

These results indicate that rapid decompression sick- 
ness can be influenced by drugs, and that the possi- 
bilities offered may be of importance. 

Another department of this institute deals with suit- 
able methods for selecting pilots who will have to with- 
stand extreme stresses of different kinds. Heretofore. 
the stress resistance of pilots to acceleration, heat, cold, 
oxygen deficiency, etc., were tested with appropriate 
devices such as centrifuges, heat and cold chambers 
and altitude chambers. Tests by these methods are 
troublesome, time-consuming, and strenuous for the 
person being tested. Moreover, the results are valid 
only for the condition of the subject at the time of the 
test, and this might change owing to circumstances 
at the time of flight. 

The staff of this institute developed a method*™ 
which, in addition to being simple, also has definite 
advantages over previous methods. It is based on the 
idea that the limits of every organic-functional perform- 
ance are determined by the oxygen supply of the 
tissue. The vegetatively regulated processes of the 
organism, on which resistance to stress depends, should 
therefore respond largely to the unspecific stressor, the 
oxygen-deficient breathing’ air. These 
be utilized for testing purposes. 
clusion is that the result of the oxygen-deficiency test 
should be indicative of other stresses also. 

Tests were performed in a normal altitude chamber. 
An altitude of approximately 25,000 ft. was simulated 
and the test person was subjected to oxygen deficiency 
by removing the oxygen mask when the test was started 
at this simulated altitude. 
decline in performance objectively, a device was de- 
veloped (Fig. 67) in which the psychomotoric perform- 
as a criterion. In this test, 

that is the ability to move 
is of primary im- 


processes can 
An important con- 


In order to register the 


ance efficiency is used 
the coordination power 
muscles quickly and purposefully 
portance. From a stock of pellets the test persons were 
to insert into holes of different sizes in a rotating cylin- 
of respective diameter. These holes ap- 
at a time for approximately 2 sec. each. 
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Each correctly inserted pellet was registered, and 30 
correctly placed pellets per minute constituted the 
index of 100 per cent efficiency. This test is so simple 
that practically every test person was 100 per cent 
efficient at sea-level conditions after having practiced 
for about 10-12 min. 

The several thousand persons tested this way could 
be divided into two types. In Fig. 68 is plotted the 
efficiency of the test persons While 
efficiency was always 100 per cent with normal oxygen 
supply, it declines rapidly with the length of the test 
in type A persons, and more slowly in type B persons. 
In type A subjects there was an earlier failure in coordi- 
nation, as compared with type B subjects who had 
Moreover, it was shown that the re- 


versus time. 


better resistance. 

sults of the test depended also on the age of the test per- 

son and on vegetative nervous functional disturbances. 
Fig. 69 shows the results of two tests taken by one 


Curve 1 is the normal result, while curve 2 


person. 
represents the result immediately after a febrile disease. 
This strong deviation in performance occurred in spite 
of the fact that this person was considered healthy 
within the standards applied in normal examination. 
Only after six weeks’ recuperation did he regain his 
former efficiency, and only then was he again permitted 
to fly. 

Further comparative tests performed with numerous 
subjects for other stresses such as heat, cold, accelera- 
tion, and oxygen deficiency, as well as combinations 
thereof, showed results comparable to those recorded 
by the simple pellet test. A much simpler method of 
testing has thus been found. Another great advantage 
is that the test may be repeated a day prior to flight 
duty, to make certain that no acute decline in _per- 
formance is imminent. 


(4) International Cooperation 


This concludes my review of research results illus- 
trated by randomly chosen examples. Permit me to 
close with a few words on the great importance of 
international cooperation. 

I hope that my lecture has made it clear that West 
Germany has begun to contribute to aerospace research, 
and that it will attempt to increase its efforts in this 
direction. 

As I mentioned at first, it was not easy for West 
Germany to start anew. However, international co- 
operation during the past years has helped greatly. 
After the ten-year interruption in aerospace research, 
it was above all AGARD (the Advisory Group for 
Aeronautical Research and Development) with its 
scientific exchange which rendered West Germany a 
service that can never be overestimated. Contact 
with scientists of the Western world was established 
through AGARD, and valuable information on the 
progress of research was passed on to us at its meetings. 
AGARD also promoted the exchange of extensive 
scientific experience by supplying valuable docu- 
mentation as well as by sending a great number of ex- 
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Fic. 69. Performance decline after febrile diseases 


perts to visit German research institutions, where they 
presented their specialized knowledge and _ initiated 
fruitful discussions. 

Another important organization is COSPAR (the 
Committee on Space Research), which has been in 
operation for some years now; its meetings have also 
promoted a productive exchange of experiences. Of 
special value is the international exchange of data from 
space flight experiments. This organization, too, has 
already proved to be of great importance and benefit to 
German space research. 

Other organizations, such as the International Union 
of Geodesy and Geophysics (I.U.G.G.), the Committee 
on Space Radio International 
Astronautical Federation, are important as well for their 


Research, and the 


world-wide exchange of experiences. 

Probably the most significant result of international 
cooperation was the International Geophysical Year, 
which at the same time marked the beginning of the 
new age of space flight, which is the direct continuation 
of the development to which the great sons of your 
nation, Wilbur and Orville Wright, opened the way 57 
years ago. 
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CLOSING REMARKS 
Hugh L. Dryden 


Because of my personal association with Professor 
Quick in the work of AGARD and in other professional 
activities, it is a great honor and pleasure to be asked 
to propose a vote of thanks to him, following the custom 
of our British cousins, for his comprehensive picture of 
current aeronautical and space activities in the Federal 
Republic of Germany. 

The indebtedness of aeronautics to German scientists 
and engineers of the past is well known and appreciated 
throughout the world. As the Wright Brothers were 
the pioneers in the practical art of flight, guided by 
their own laboratory measurements in wind tunnels, 
Prandtl was the pioneer in devising theoretical concepts 
and methods of analysis of air flow and air forces that 
are useful in the engineering design of aircraft. The 
Deutsche Versuchsanstalt fiir Luftfahrt (DVL), in 
which the lecturer is one of the leading scientists and 
research administrators, was for many years a major 
factor in advancing aeronautical technology along with 
its sister agencies, the National Advisory Committee for 
Aeronautics (NACA) in the United States; the Ad- 
visory Committee for Aeronautics, later called the Aero- 
nautical Research Committee (ARC) in Great Brit- 
ain; and the Central Aero-Hydrodynamic Institute 
(TSAGI) in the USSR. 

We of the aerospace fraternity of the United States 
are happy to see our German colleagues engaged in re- 
building science and technology to restore their nation 
again to a position among the leaders of the world. 
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Prof. Quick’s lecture is indeed a revelation of how far 
this rebuilding has progressed. The statistics of the 
rapidly growing resources in personnel and funds de- 
But still 
more impressive are the quality and scope of the ex- 
They include 


voted to aerospace research are impressive. 


amples of current research activities. 
not only topics in the traditional areas of aero- and gas- 
dynamics, propulsion and structures, but also those 
which we directly relate to the most exciting areas as- 
sociated with space exploration, such as plasma dy- 
namics, physics of the upper atmosphere and ionosphere, 
solar flares, cosmic rays, meteorites, and interplanetary 
matter. Balloons, high-altitude gliders, and sounding 
rockets are being or will be employed in these researches 
as well as satellites launched by the U.S. and U.S.S.R. 
whose observations yield important scientific results. 
The detailed surveys of aerospace research in Germany 
will be read and reread by interested scientists and en- 
gineers throughout the world. The lecture is an im- 
portant and convincing demonstration that space re- 
search is the business of the whole world, and that every 
nation can make substantial contributions to it. 

It is a privilege for me on your behalf to express our 
gratitude to Prof. Quick for the time and effort which 
he and his colleagues have devoted to the preparation of 
this highly significant lecture, and especially to thank 
him for coming to Washington to do honor to Wilbur 
and Orville Wright on this anniversary day of the first 
flight. 
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Missile Structural Loads by Nonstationary 
Statistical Methods’ 


R. E. BIEBER* 
Lockheed Aircraft Corporation 
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Summary Tae = velocity of c.g. with reference to surround- 
ing air mass 
Nonstationary statistical methods are applied in obtaining the u',v', w’ = components of V’,, in body axes 
rigid-body structural load response of a vertical-rising ballistic U = absolute wind velocity 
missile to a flight environment of atmospheric disturbances Ux = north-south component of wind velocity r 
Results are obtained for a missile of the IRBM class. The in- relative to the earth’s surface j 
put consists of the average and the covariance of the wind velocity U; = east-west component of wind velocity L 
at Patrick AFB during the winter months. A method which relative to the earth’s surface a 
involves taking the square root of the input covariance matrix m( xX) = distributed mass a 
was employed in computing the covariance matrix of the response. m = total mass 
The average and the standard deviation of the structural bend- 1 = missile length r 
ing moment are shown at the critical flight altitude of 33,000 z/l = percent of missile length L 
ft. The 99% extreme-value design loads obtained with a design a = angle of attack L 
criterion proposed in this paper are compared with design loads B = sideslip angle 
obtained with other criteria. q = dynamic pressure 
io = reference area 
b = reference length 
to € 
Symbols Cy = normal force coefficient 
. — stru 
' inci Cp = drag coefficient 
h. H + aie Cu = damping moment coefficient in pitch stat 
Ak AH é Sebeieiiedt heat Cu, = damping moment coefficient in yaw F 
‘ £ ogee Bi . M(, t) = bending » Ss > . 
ex;, Cy; €z, = unit vectors in inertial reference frame Uz. t es: wage nisi corm 
A : : M1(k, t) = unit be z > fe 
e€,, Cz, ey = unit vectors in wind reference frame =e > any See effec 
er . ES! a: wectare an body frame M(&, t) = extreme value bending moment an 
xp, @yg, @zg = unit vectors in body frame : ee case 
oO = earth’s ational velocity G(H, h) = unit impulse response 
SfEI = earth's rotational velocity M or E[ ] ay: ici 5 oniadh alien resu 
r; ee longitude JIC yi = average or expected value mye 
Nn = latitude R = covariance Thi: 
Ay = i ‘ s 
r = radius vector 5 = Variance cont 
g = acceleration due to gravity = standard deviation fore 
= direction cosine p = correlation coefficient _" 
‘ _ re sosine = a as 0 
ae P(M < M) = probability that WM < M/ 
P4917 = angular velocity in body axes Pes ; : proc 
¥, V1, Z, = acceleration of c.g. in inertia axes M ) = probability density function 
eae é : ; Pal ) = Gaussian probability density function mus 
Axp, Avg, Azgp = acceleration of c.g. (not including that due wih gig 
to gravity) in body axes Np = extreme value probability coefficient ben 
pai Seger } - square matrix — 
Txx, lyy, Izz = moments of inertia with reference to body [J + 1 oA acce 
| a0 ‘ ‘ , ‘ 
axes Ls diagonal matrix scril 
° ° e vat | ‘ cw 
Ixy, Ixz, Iyz = products of inertia with reference to body ts column matrix OW): 
axes {I] = unit matrix i 
met : a oo lara cal- 
F = aerodynamic forces = = eigenvectors 
F = thrust forces d = eigenvalues 
MF = moment about c.g. due to aerodynamic So Jr TS = numerical subscripts 
forces 
Mr? = moment about c.g. due to thrust forces , 
Ay, Az = displacement of c.g. from longitudinal (1) Introduction 
zeometric axis taal ° ae. 
er ce N DESIGNING THE PRIMARY STRUCTURE of a ballistic 
6 = angular deflection of ith control element ‘ssile it j : ; > 
=< > Val ett-t r TES “ ae ta . ‘ x 
K. = ened agian alles missi e it 1s necessary to investigate various loading 
, 0, ¥ = Euler angles conditions. Among these are the shock, vibration, and 
Wii = velocity of c.g. sustained loads imposed on the structure during ground 
u,v, W = components of V,.,. in body axes handling, launch, maneuvers, and staging. Of par- 


Received August 17, 1959. Revised and received April 29 ticular concern here is the rigid-body response of the 


1960. missile to a flight environment of atmospheric dis- 


+ This report summarizes the results of a study undertaken by turbances. More specifically, these disturbances are 
R. E. Bieber for LMSD Research, Lockheed Aircraft Corpora- the horizontal jetstream-type winds. 
tion. This work was performed under Air Force Contract No. Upon examination of several wind soundings, it be- 


AF-04(647)-97. The author is grateful to C. Striebel and T. J. 
Harvey for many helpful suggestions concerning this problem, 
and to R. Reid and G. L. Bergst for their assistance. 

* Aeronautical Engineer, Missiles and Space Division. stationary with altitude. Consequently it is necessary 


comes evident that the wind environment is a random 
process. Furthermore, this random process is non- 
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TABLE 1 
Average and Standard Deviation of 
N-S and E-W Wind Components 
(Patrick AFB, Feb. 1950-1955) 
























































t N-S Ave | N-S S.D. E-W Ave E-W S.D. 
(km) (Knots) (Knots) (Knots) (Knots) 
4 
} O 1.4 | 8.03 - 0.3 | 7.10 
| 2 1.9 | 12.99 -10.2 | 13.89 
4 -1.6 | 15.30 -23.1 | 16.60 
ee 1 + 
6 mh she | 19.98 -35. 8 21.02 
; 0.6 24.68 -49.1 | 26.22 
| 
| 10 0.1 30.14 -63.1 | 32. 04 
| y9 | 9. = = 
| 12 0 } 32. 42 -74.5 | 34.91 
1 14 0.2 | 27.04 -72.5 | 32.91 
T ] 
0.0 | en. 13 -55.2 | 26.73 
—— ee 7 
1é 0.0 | 14.71 -33.6 25.63 
20 0.1 | 9.77 -12.0 21.18 
22 0.4 7.43 - 7.3 21.68 
24 0.7 9. 36 -10.1 23. 32 
| 26 0.8 10.15 -15.3 24.70 




















to employ nonstationary methods in solving for the 


structural response, rather than the more popular 
stationary or power spectral methods. 

For an airplane in horizontal flight, the horizontal 
component of a wind disturbance can have a pronounced 
effect on performance (headwind or tailwind). In the 
case of a vertical-rising missile the same disturbance 
results in a departure from the programmed trajectory. 
This trajectory departure is sensed by the guidance and 
control system which then signals for corrective control 
forces. During this process of dispersion and cor- 
rection, significant structural bending moments can be 
produced in the vehicle. Furthermore, the vehicle 
must be designed to withstand the combination of this 
bending and the axial compression due to forward 
acceleration. Consequently the condition just de- 
scribed has received much attention in recent years 
owing to the necessity of designing highly reliable verti- 
cal-rising missiles, satellites, and space vehicles. 


TABLE 


The method of analysis that has been widely used in 
solving this problem is to solve for the response due to a 
discrete wind profile or series of profiles. Furthermore, 
since the extreme-value structural loads are desired for 
design, an extreme wind profile must be selected. This 
profile is the subject of considerable controversy be- 
cause of the difficulty of selecting or deriving a “‘critical 
profile.”’ 

By the use of nonstationary statistical methods, the 
load can be obtained in a 


extreme-value response 


straightforward manner. The assumptions involved 
in the solution are (1) linear equations of motion, and 
(2) normal probability distribution of wind input. 
For purposes of calculating the extreme-value design 
loads, these assumptions appear valid. 

The usual procedure in structural design is to assure 
that the estimated allowable load is not exceeded by 
some rare-occurrence design load. As evidenced by 
the small number of structural failures in the aircraft 
and missile industry, this procedure produces a safe 
design. However, as the requirements of the missile 
become more and more exacting, the question of ‘Show 
safe’’ becomes more and more pressing. Although the 
goal of designing a missile structure to a prescribed 
safety or probability of success is beyond reach at 
present, the solution of extreme-value design loads by 
nonstationary statistical methods is a step in that 


direction. 


(2) Vehicle Response 


For purposes of the present analysis, only the rigid- 
body response will be considered. The omission of the 
elastic modes is justified somewhat by the predominance 
of the rigid-body modes in determining the structural 
load response to wind disturbances for large and rela- 
tively stiff missiles of the IRBM or ICBM class. 
Another reason is that at present it would be difficult 
to apply the results including elasticity to an actual 
missile loads problem, since dynamic computer pro- 
grams for solving for the statistical response of a vari- 
able-coefficient elastic system over long time spans are 
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Correlation Coefficients of N-S Wind Components at Indicated Altitudes 


(Patrick AFB, Feb. 1950-1955) 


Altitude! T 

| &m | o | 2) 4] 6 | 8 | | 22 
0 |1.000/ 0.511! 0.370 | 0. 291 | 0. 231] 0. 183| 0. 101 
| 11. 000 | 0. 685 | 0. 554 | 0. 465 | 0. 359| 0. 271 
t | | 11. 000 | 0. 785 | 0. 677| 0. 578 | 0.493 
6 | 11. 000 | 0. 803| 0. 693| 0. 629 
| | | | [1.000] 0. 843/ 0. 727 
sid 1. 000| 0. 788 
2 | | | 11. 000 
14 | 1 
16 
18 | 
20 
22 
2 

T + 

26 | 


286 


14 16 18 20 22 24 26 
4 } | a | 4 + 4 
0. 103 | 0.120) 0. 074 | 0. 048 | 0.025 0.0220. 093 
To. 223 | 0. 251] 0. 252] 0. 127| 0. 076 | 0. 063) 0. 025 | 
10. 437 | 0.461 | 0. 437| 0. 288 | 0. 140] 0. 017] 0. 155 
10.570] 0.561 | 0.551 | 0. 285 | 0. 152 +0. 037! 0. 154 
0. 657 | 0.631 | 0. 547 | 0. 316 | 0.074 +0. 068) @. 209 
lo. 703 | 0. 611 | 0. 540/ 0. 307 | 0. 187 +0. 103) 0. 211 | 
lo. 780 | 0. 682| 0. 558 | 0. 274 |0.116 10, 000/ 0.113 | 
11. 000 | 0. 769 | 0. 648 | 0. 283 | 0. 121 [0. 000| 0. 137 
| | 1. 000 | 0. 688 | 0, 368 | 0. 188 +0. 025-0. 010 | 
| 1. 000 | 0. 372 | 0. 239! 0. 000] 0.052 
11. 000 | 0. 289 | 0. 017) 0.150 | 
| 1. 000 | 0. 193! 0. 068 
| 11.000. 0. 285 | 
| | 1. 000 ] 








286 FOURNAL OF THE 


AEROSPACE 


SCIENCES—APRIL 1961 


TABLE 3 


Correlation Coefficients of E-W Wind Components at Indicated Altitudes 
(Patrick AFB, Feb. 1950-1955) 

















































































































not available. 
ticity is deemed significant, estimates of the contribu- 
tion to the design loads can be made by stationary 
methods. However, this involves making the assump- 
tions of local stationariness of atmospheric disturb- 
ances with altitude and time-invariant linear systems. 

During exit through an environment of atmospheric 
disturbances the structural bending moment is of pri- 
mary concern in appraising the airframe compression- 
buckling problem. Consequently it is considered as the 
significant response in this study. However, the shear 
forces as well as other dependent variables can be 
evaluated by the same methods. 


(3) Input Data 


Atmospheric disturbances are usually divided into 
two distinct categories: (1) winds and (2) turbulence. 
The reason for this division lies primarily in the tech- 
niques used for measuring these quantities. Winds 
are usually obtained by balloon soundings, and conse- 
quently only the gross motions of the atmosphere are 
detected. Most turbulence data are obtained by direct 
flight measurements using directional vane techniques! 
or by reducing airplane c.g. acceleration data.” Also, 
a simple expression for the covariance or correlation 
function of wind-tunnel turbulence is presented in 
reference 3 and has been widely used in aircraft dy- 
namic studies. Since the characteristics of stationary 
turbulence have already been discussed in the literature, 
no discussion will be presented here. 

Daily wind soundings taken over a number of sta- 
tions in the Northern Hemisphere are available from 
the U.S. Weather Bureau.‘ Many of these data, for 
the 5-year period of March 1951 through February 1956, 
have been reduced to a more convenient statistical 
form under a joint effort of the Office of Climatology, 
U.S. Weather Bureau, and the Sandia Corporation.® 

An earlier investigation by A. Court® of the average 
and the correlation of wind velocities over Patrick AFB 
will be used as the input for the present study. The 
sample soundings were taken during the winter months 


[ Altitude | | ] 
(km) 0 2 4 6 8 10 12 14 16 18 20 22 24 26 
0 1. 000 | 0. 565 | 0. 511] 0. 431 | 0. 373 | 0. 350 | 0. 258 | 0. 238} 0. 218 | 0. 010} 0. 032 | 0. 000 0. 028 | 0. 076 
| 2 1. 000 | 0. 768 | 0. 669 | 0. 615 | 0. 544 | 0. 448 | 0.425 | 0.410] 0. 215] 0. 068 | 0. 017 | 0. 185 0. 203 
4 1, 000 | 0. 826 | 0. 760 | 0. 669 | 0. 524| 0. 529 | 0.489 | 0. 314} 0. 160 | 0, 095 | 0. 201 | 0. 234 
6 | 1. 000 | 0. 845 | 0. 749 | 0. 594 | 0. 560/ 0.515 | 0. 331] 0, 163 | 0. 127 | 0. 176] 0, 237 
8 1, 000 | 0. 835 | 0. 694 | 0. 626 | 0. 594 | 0. 432/ 0. 205 | 0. 092 | 0. 189 | 0, 224 
10 1. 000 | 0. 772] 0. 674 | 0. 585 | 0, 424/ 0. 187 / 0. 191 | 0. 228 | 0. 206 
12 1, 000 | 0. 740 | 0. 646 | 0. 460 | 0. 191 | 0. 163 | 0. 145 | 0. 199 
14 | 1, 000 | 0. 706 | 0. 495 | 0. 214 | 0. 098 | 0. 145] 0. 118 
16 1, 000 | 0. 601 | 0. 400 | 0. 260 | 0. 224 0. 224 
18 | 1, 000 | 0. 459 | 0. 210 | 0. 279 | 0. 281 
20 en | | 1, 000 | 0. 448 | 0. 439 | 0.430 
22 | l | | 1. 000 | 0. 620 | 0. 585 
24 | | 1, 000] 0. 721 
26 | | 1. 000 
In situations where the structural elas- of 1950-1955. The tabulation of these results is given in 


Table 1 shows the average and standard 
deviation of the N-S and E-W winds. Tables 2 
and 3 show the correlation coefficients of the N-S and 


Appendix A. 


E-W components, respectively. 

The data of reference 6 include the cross-correlation 
coefficients between N-S and E-W winds at the same 
but not at different altitudes. This is unfortunate, 
since the missing data would have completed the input 
for the two-dimensional response problem. However, 
at Patrick AFB the wind velocity exhibits strong E-W 
directional characteristics; consequently, a pseudo-one- 
with the following average and 


dimensional wind 


covariance was assumed: 
Mo(h) = A My,2(h) + Moy2(h) 
Rov(hr, hs) = Rugug Rr te) + Royuy(lr he) (2) 


The E-W average was used as the resultant average, 
since the N-S average is small. The resultant covari- 
ance is tabulated at 2-km. intervals in Table 4. Ap- 
pendix A also illustrates the averaging techniques em- 
ployed in reducing the wind data to the form of average, 
standard deviation, and correlation coefficients. 


(4) Equations of Motion and Bending Moment 
Equation 


An existing high-speed computer program with six 
degrees of freedom was utilized in obtaining the results 
of Section 6. A detailed description of the equations 
of motion is given in reference 8. A summary of the 
equations is presented below. Some of the auxiliary 
equations, as well as certain special effects such as the 
acceleration of the c.g. with respect to the air frame, 
fuel slosh, and “‘jet damping,’’ have been omitted in the 
summary; however, they are included in reference 8. 
(a) Axes Systems 

(1) The inertial reference frame is located at the 
earth’s center (Fig. 1). The positive Z; axis intercepts 
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the earth’s surface at the North Pole. The earth ro- 


tates about Z, with angular velocity Qg,;. 


(2) The wind reference frame is located at the in- 2) 
stantaneous center of mass of the missile (Fig. 1). The f 3 é, 
unit vector @y is positive in the direction of north. CMe \ = 
The unit vector @,y is positive in the direction of east. WA °e 
(3) The geometric axes are fixed in the body. They a C.G. 
r 


are used to locate the c.g. of the vehicle and the aero- 
dynamic and control system forces. 

(4) The missile body frame is located at the instan- 
taneous center of mass (Fig. 2). The positive X, axis 
intercepts the nose of the vehicle. The body frame 
is aligned with the longitudinal geometric axis; how- Ar . 











ever, allowance is made for a c.g. displacement from I 
the longitudinal geometric axis, A,ey, + Azezz. Te 
r; 
(b) Vector Transformations 
From a computer programming standpoint, it is 
advantageous to use direction cosines in relating the Xy 
body reference frame to the inertial reference frame, Xe 
rather than the usual Euler angles. That is, Fic. 1. Inertial, earth, and wind axes. 
jexe| €xx €xy €xz Jex,| 
Cys(/ — | €rx f€ry yz ey, (3) The transformation from the wind reference frame to 
le... €zx €zy €2z le) the inertial reference frame is a function of the longitude 
a Serie = eae I’, and the latitude A;, 
jex:| cos I’; cos A; — sinT, — cos IT, sin A; e; | 
ey,; = | sin I, cos A; cos TI; — sin I’, sin A, ex (4) 
le,,) sin A 0) cos A; lef 


As a result of orthogonality, the inverse transformation matrix is the transpose in both transformations. 


(c) Force Equations 
Letting F denote the aerodynamic forces and 7 the thrust forces, 
\X7 = £xi| 1 | Xx x €2x | ’xs + Txp| 


Y; — £y,;/ = éxy €yy €zy er + rel (5) 
Fz, + Tz 


} : \ m 
Z1 > 821 €xz €yz €22z 


(d) Moment Equations 


In scalar form the moment equations are: 
Ixxp = Ixyq —_ I yzt = (UIyy —_ Izz)gr = IxzpPq a Ixypr = Tyz(q" = r?) —_ Ixxp + Ixy d + Ixzr = 
M’x, + M'x, (6) 


Iyyg —- Iyzi —_ Ixyp + (Ixyx —_ Izgz)pr aaa lyzbq —_ Ixyqr + Ixz(p? —_ r?) a Iyy — lyzr —_ Ixyp = 
M'y, + MTy, (7) 


Izz% — Ixzp = ly2q + Uyy - Ixx)pq si lyzpr = Txzqr + Ixv(¢° ae p’) _ Izzr - ip = ly2q = 
M’z, + M'z, (8) 


where /* is the moment due to the aerodynamic forces and M” is the moment due to the thrust forces. 


(e) Control-System Equations 

Vehicle control is maintained by means of a linear closed-loop autopilot and gimballed engines. The error-sensing 
devices are position and rate gyros (no angle-of-attack or accelerometer feedback). 

Denoting the angular deflection of the 7th control element by 4;, 


Sip = Kig(o — O) + Kid big = Kil — 6.) + Kid bi = Kyl(W — %) + Kur (9), (10), (11) 


where the Euler angles ¢, 0, and y are obtained from 


@ = tan—(eyz/ezz) 6 = sin—'(—exz) y = tan—(exy/exx) (12), (13), (14) 


and ¢,, 6,, and y, are programmed commands. 
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The solution of the thrust forces and moments is a function of the location and orientation of the various control 
elements. In reference 8 the force and moment equations are derived for an array of five control elements. Since 
these expressions are quite lengthy, the special case of the thrust vectors initially aligned in the longitudinal direction 


and small deflection angles (cos 6; ~ 1, sin 6; ~ 6,;) is shown below. 


fs. ¥, Tvs > The i. « 27h, (15), (16), (17) 


Let X;, Y;, and Z, represent the location of the gimbal point of the 7th control element as measured from the geo- 


metric axes; then 


M' x, = LET [(Zi + Az)bir + (Vi + Ay)b,g] (18) 
My, = eg Mave. a X 1) big = (Z, + Az) | (19) 
M* zy = pa es a _ X i)bir + (Y, + Ay) ] (20) 


(f) Velocity and Angle-of-Attack Equations 
The velocity of the missile c.g. in the body coordinates is 
Vewo. = Uex, + vey, + WEz, (21) 


The relative velocity of the c.g. with respect to the surrounding air mass is 


/ / / / ‘ 
V c.g. Veo. —-U=x% Cxz + v Crp + w Czp (22) 
The absolute wind velocity is 
U = Urez + |Qe X rex + Uyey = Uxgex, + Uyzeyg + Uzgezyz (25) 
where 
\ Uxs €yx €yy €xzZ cos lr; cos Ay — sin rT; —. oS lr; sin A; | 0 
4 =|@x €ry €érz | | sin I cos A; cos I; — sin T, sin A; }§ Ug + |Qer X 7| (24) 
Uze €ZNX €zy €zZZz sin A, () cos A; Uy 
Thus, x 


! u ( — Ux, namic properties. Let /y,(#, t) and W/z,(2, t) represent 
‘Sh = <y (25) the components of the bending moment at missile 


~~ Uy; 
lw) lw Use) 


station # and flight time ¢; then 


The angle of attack and sideslip angle are defined as My,(%, 1) = Miga + M1,q + 
M144 + Mia, Az, + M* y,(Z, t) (35) 

a = tan—(w’/u’) (26) — 
pe aciamesiinian (a7). Maa(# ) = Mig8 + Mar + Mit + 7 
Miay A YB + M’*,,(&, t) (36) 

B 


(g) Aerodynamic Forces and Moments 


The terms MW/’y,(%, t) and M7’,z,(%, t) represent the 
Fy, = —gSCp (28) contribution of the control system to the bending 
; Saipan 99 moment, and are zero for missile stations forward of 
Fyp == q5(0Cw/08)8 aed the control elements. The unit moments appearing 
om = gS(0Cx/da)a (30) in Eqs. (35) and (36) are 
M’x, = FzgA4y — Fy,Az (31) M (i, t) = gS lf =——— dk, dx, (37) 
: a = J0J0 Oa 
M’y, “= Fz,(X, .or Xe.) +} 
Fy,Az — Cy,,(GSb?/u')q (32 ’ Pe Oe OF. 
— — d ) M,,(&, t) = @S | wit?) a5, di; (38) 
M'sq = —Fyy(Xey. — Reg.) — — 
Pe Ay — Cy.(GSb?/u' 33 a , 
Fy, Ay Cy, (GSb?/u')r (33) M,,(#, t) = M,,(2, t) = 
where gG = (1/2)p(V’..,.)? (34) °F 6°, J, 
d ( )e\ 0) | mM (#2) (e.g. — L2)d%. dk, (39) 
J0/0 
(h) Bending Moment Equation 
M)j(2, t) — 


A separate computer program solves for the bending a 
moment in terms of the six-dimensional parameters, gs [ i OC (2) (¥ i. )\di» di, (40) 
a : 2 = U2 — Veg. )dX2 AX ; 
the mass distribution, and the quasi-steady aerody- ee Oa 
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ated By definition the system is linear if, for all combina- 
ee tions of UL; and U2, the input U, + Ul» produces the out- 
“tion put M, + M:. Obviously, only a finite number of 

combinations of U, and U can actually be tried. Con- 
sequently, the missile system of Section 6 was sub- 
(17) jected to inputs of the form U, = a,My and Ll» 
a.Mrv, where Mty is the average wind velocity at 
geo- Patrick AFB (Table 1). 
For inputs of this form, the rigid-body motion and 
18) the bending moment response were found to be essentially 
linear throughout the altitude region of interest (25,000 
(19) to 45,000 ft.) and over the range of wind inputs (0 < a, 
+ dz < 3.0). Larger values of a; + ds were not tried. 
(90) These results were construed as sufficient proof of 
linearity for purposes of the present study. 
| Z : 
R (5) Analysis 
Fic. 2. Relationship of body axes to geometrical axes 
21) If it is assumed that the wind-velocity probability 
M, Az, t) = density function has the form of Eq. (A-10) (normally 
MM y\t, = ‘ . ae tn 6 ° ° 
- : praca) distributed), and if it is shown either analytically or 
as Fy X (Zo ; . . . A ~ ee 
9) se f f wit) (® — ¥.9) d%,.d%, (41) experimentally that the equations of motion are linear, 
ie. 3 iis i ene @ ‘ . a ° ° 
Veg. Jo Jo 08 then it follows that the response is also normally dis- 
£ Ph tributed. Thus, it is only necessary to compute the 
93) Miay , (Z, t) = Mraz, (zt, t) = { f m(X2) di. dx, average and covariance in order to define the proba- 
- : 0 0 og: . ° ° e ° 
. 19) bility distribution of the bending moment response. 
(42 - % ; ‘ ; 
Throughout this section the bending moment response 
where Z; and <» are dummy variables. refers to the bending moment at a particular missile 
24) station. 
(i) Linearity Check 
‘a : ae : (a) Average 
rhe nonstationary statistical methods employed in 
this paper apply only to linear systems. An examina- For a linear system the average response is merely 
nt tion of the foregoing motion and bending moment the response to the average input. On a high-speed 
Sle equations indicates that they are nonlinear. However, computer this is a simple matter of making one run to 
owing to the linearized control system and the small obtain the performance parameters and an additional 
motions involved, the bending moment response is run per altitude to compute the bending moment dis- 
essentially linear over a reasonable range of wind- tribution over the missile. However, to formulate 
5) velocity inputs. To verify this, the following linearity the problem mathematically the unit-impulse response 
check was performed. is introduced with the flight altitude as the independent 
Let \,(@, t) denote either the Y, or Zz, component variable. 
6) of the bending moment due to the one-dimensional Let G(H, h) denote the bending moment response at 
wind input U;(h). - altitude H due to a unit-impulse wind velocity at alti- 
1e Let \/, denote the corresponding response due to LU». tudeh. Then 
ig 
of 
1g TABLE 4 
Covariance of Resultant Wind Velocity (ft./sec.)? at Indicated Altitudes 
Altitude ] ] ] ] ] ] ] ] | | | 
() (ft) 0 6, 562 13, 124) 19, 686) 26, 248| 32, 810 | 39,372 | 45,934] 52,496] 59, 058 65, 620, 72, 182] 78, 744) 85, 306 
0 284, 82| 311.33/ 301.84| 317.07| 329.09] 353.91] 257.72 119.51] 103.26| 76.93/ 24.49 4.26) -8.53| 16.43) 
i, 562 1032. 64| 894. 43] 968. 3011065. 30} 1092. 80) 946. 27) 778.51| 621. 23 | 356.04 103.15 35. 57) 193.00; 208. 24 
13,124 | | 11619. 48/1508, 49/1674, 82/1777. 52|1565. 70/1341. 75/1044. 89 | 662. 41] 283.59] 143.1 342.72 
») 19, 686 | i | ]2896. 28 | 2460. 97/2632, 76/2619. 62/1985. 02|1502. 25 | 971. 77) 366.11) 229. 75 440.55 
26, 248 | | | 14575. 44,3794. 65/3452. 86/2795. 11/2127. 93 1396. 22 542.75 | 188.15 563. 77 
"32,810 | | | | | 17364. 2014665. 7713666, 52/2541. 39 1678. 25 620. 61 | 498.62) 403.56| 649. 94 
[39,372 | | | | 18448, 36/4381. 40/3054. 86 1935.47] 651.17| 432. 20| 337. 15| 596. 25] 
[45.934 | j f I | | | 6559. 73/3027. 64 1928, 61| 639.53] 269. 18| 317. 84| 381.32) 
+ + + + + + + + + tT T tT 7 + 4 
)) 52, 496 4048. 31 1786. 00) 863.43 | 514.55) 384.64) 416, 21 
59, 058 803. 86| 864.15 | 407.87. 476.19] 530.15) 
on 1746, 14] 647.41, 623. 66| 684. 86] 
72,1862 | | [ | | | 1550. 86| 860. 32) 836.05 | 
(78,744 | | | 2036, 60|1263. 37 | 
) 85, 306 2105. 07) 
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TABLE 5 
Square Root of Resultant Wind Velocity Covariance 
(Table 4) 
Altitude] | T T I I T | _] 
| (ft) | 0 [6 562/13, 124 | 19, 686 | 26, 248 | 32, 810 |39, 972 | 45, 934 | 52, 496 59, 058 | 65, 620 | 72, 182 | 78, 744 |85, 306 
_o | 14. 98| 5.42 | _3.87 | an 2.19 | 2.14 | 1.09 | -0,35 | -0.15 | 0.22 | 0.14 | 0.04 | -0.53 | -0. "1 
6, 562 | |26.96 | 9.94| 7.66] 6.80 | 5.48 | 3.83 | 3.27) 3.13 | 1.22 |-0.22 |-0.65 | 1.95 1.29 
| 13, 124 [32.09 | 12.27| 10.74 | 9.20 | 6.51| 6.20| 5.29 | 3.08 | 1.50 | 0.41 | 1.45 | 223] 
| 19, 686 | | 43.99] 15. 62 113. 36 | 12. 87 [ 8.77 | 7. 02 | 4.44 | 1.44 [1.17 | 066/ 2 57 | 
26, 248 | | 96.17 | 20.52 | 15.92 | 12,73 | 10.46 | 6.79 | 2.61 |-0.37 | 0.89 | 3,22) 
32, 810 75. 32 | 22,11 | 16.77 | 11.04 | 7.34 | 2.36 | 2.92 1.61 3. 00 
| 39. 372 | lg1.92 | 21.43 | 14.70 | 8.90 | 2.33 | 1.92 | 9.30! 2 x4] 
| 45, 934 | 71.60 | 16.94 |10.39 | 2.70 | 0.44 | 1.25 | 0, 88 | 
| 52, 496 | | "55.05 [11.79 | 6.20 | 3.77 | 1.87] 1 33 | 
| 59, 058 147.57 | 7.41 | 2.51 3. 33 | 3. 44 | 
ee 38. 91 6.55 5. 38 6.11 
| 72, 182 36.42 | 8.88 | 8,25 
| 78, 744 41.48 | 13,47 | 
[ 85, 306 | | | | 42.01 
, _ The input covariance matrix [RY] is factored into 
Min (H) = | G(H, h)Mu(h) dh (43) ; : 3 ‘ 
0 two identical and symmetrical matrices so that 


yy 


where Siy(h) is the average 
velocity versus altitude (Table 1) and Yt,,(/7) is the 
average bending moment response at altitude /7. 

It should be remembered that Eq. (43) represents 
the rigid-body response due to the wind input and does 
not include the effects of (1) high-frequency turbulence 
which is beyond the frequency range of the wind meas- 
urement, and (2) structural elasticity. 

Eq. (43) can be written in matrix form as 


one-dimensional wind 


{Miu} = AM[G]{My} (44) 


where G,, = G(H,, hs). 


(b) Covariance 


The covariance of the bending moment response is 


Hr 2H: 


Ryuu(H,, H,) = [ G(,, h,) dh, | G(T, hs) X 


/J0 /70 


Ruv(h,, hs) dh, (45) 


where Ryy(h,, hs) is the covariance of the one-dimen- 
sional wind velocity (Table 4). Eq. 45 is the integral 


form of a typical element of the covariance matrix 


[R"] = Ah?(G][RYY][G]" (46) 


Physically the covariance element FR yy,(//,, H7,) repre- 
sents the average product of the bending moment at 
altitude /7, with the bending moment at //,. A more 
familiar statistical quantity is the variance. The 
variance at a particular altitude is given by the corre- 
sponding diagonal element of [R””]; eg., R,.“™ 
Rum, H,) = O° uM (H;)- 

Unlike the average response, the solution of Eq. (46) 
for the covariance is difficult to obtain even with a 
high-speed computer. One possibility would be to 
apply a series of ‘‘pulses’”’ to the system in order to 
generate the G matrix. Other schemes for solving 
Eq. (46) have also been proposed; one of the most 
interesting, if not the most practical, is described below. 


[Rev] = [Rev ]'* [Rev] (47) 
Substituting into Eq. (46), 
[RY] = Ah*(G][Ree] [Ree] [G]* (48) 
Since [RY |“ is symmetrical, 
[Ree ]'*[G]" = [[G](R?")"]’ (49) 
Let [W] = Ak[G][Rev]'7 (50) 
then [RY] = [W][w]" (51) 


From Eq. (50) one can observe that the first column of 
the W matrix is the bending moment response to the 
The second column is 
From 
a computing standpoint the rows or columns of [RY]' 
closely resemble individual wind soundings; conse- 
quently, the computer program of reference 8 is well 
suited to solving for the rigid-body response. A sepa- 
which solves the 


first row or column of [Rov] ”’. 
the response to the second row or column, etc. 


rate computer bending 
moment equation is then employed in completing the 


formulation of the W matrix. Finally, the covariance 


program 
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of the bending moment is obtained by performing the 
matrix multiplication indicated by Eq. (51). 

The derivation of the square-root matrix is shown in 
Appendix B. It turns out that the square-root matrix 
is a function of the eigenvalues and eigenvectors of the 
input covariance. (These eigenvalues and eigenvectors 
are not to be confused with the natural modes and fre- 
quencies of the system.) The square root of the Patrick 
AFB one-dimensional wind covariance matrix (Table 
$) is shown in Table 5. 


(c) Extreme Values 

For obvious reasons, structures are usually designed 
to an extreme or infrequently occurring value of the 
applied load. Since the normality of the structural 
response in the present problem has already been 
established, the probability of not exceeding the ex- 
treme-value bending moment ./ at a particular altitude 
H, is 
oi 


P(M(H,) < 4] = | bol M(H) | dM(H,) 


2M 9 
l —(M(H,) — ® ay ia 
} 3 exp ( | > (ct | )x 
Ws < Vv 207 Hr 


‘Or OM(H;, 
dM(H,) (52) 


where the average response Wiz, is give by Eq. (43) 
and the variance o*y1:;4,) is the X,,“" element of the co- 
variance matrix as given by Eq. (46) 
Letting 

M = Maun) + Npomca, (53) 
the probability P associated with the coefficient mp can 
be obtained from normal distribution tables;’ e.g., for 
P(M(UH,) < MW] = 0.99, np = 2.33. In the event that 
the probability of not exceeding the extreme value \/ 
at any of the altitudes /,, 2... . , h, during a particular 
flight is required, then the integration problem becomes 
much more cumbersome, viz. : 


P(M(H,) < M,..., M(H,) < M] = 


ay, i 
} ae { bc [M(M), ..., /(77,,)| X 
adM(H,)...dM(dH,) (54) 


where the multivariate normal density function has 
the same form as Eq. (A-10): 


be| MU)... M(A,)] = 


1 1? ns=n 
exp y— 5 Dd (Rut)! X 
<7 l s=] 


(V 2m)"| Ra’ 


[| (7,) ~ Mar cary) | [1/(H,) — Marco] (55) 


(dq) Design Criteria 

A special case of the extreme-value problem which is 
worthy of note occurs if the maximum response always 
occurs at the same flight time or altitude. In this 
event, the probability of not exceeding the extreme 
value M/ at any altitude reduces to the one-dimensional 
form of Eq. (52). Assuming that a critical altitude 


H. exists, then 


2M 
P{|M(H) < MM | p(|M(A,)| dM(H,) (56) 





where p[(./(/7,.)| is the probability density function 
of the bending moment at //,. For vertical-rising 
ballistic missiles launched at Patrick AFB, the load 
response does in fact possess a characteristic maximum 
in the region of 35,000 ft. This is due to the combina- 
tion of maximum dynamic pressure (which also occurs 
in the region of 35,000. ft.) and the consistent charac- 
teristic profile of the jetstream-type winds. Conse- 
quently, the solution of extreme-value design loads 
by Eq. (56) is proposed as a design criterion for the 
Patrick AFB launch site. Since the critical altitude 
as originally defined does not actually exist, it is rede- 
fined as the altitude at which the maximum standard 


deviation occurs. 


(6) Results 


The methods developed in the previous section have 
been applied in obtaining the average, standard 
deviation, and extreme-value bending moments for an 
axially symmetric, vertical-rising ballistic missile of 
the IRBM class. For the one-dimensional input of this 
study (Section 3), and neglecting the minor effect of the 
earth’s rotation at Patrick AFB, only motion in the 
vertical plane containing the wind velocity was excited. 
The computations involved were carried out using the 
digital-computer programs already mentioned. 

A schematic of the vehicle configuration, along with 
a typical supersonic normal-force distribution, is shown 
in Fig. 3. Control in the plane of motion (pitch plane) 
is maintained by the gimballed booster engine. The 
percentage of the gross launch weight for each section is: 


Payload 7.36 
Guidance 0.96 
Propellants 86.03 
Propulsion 5.65 


The performance parameters of Mach number, forward 
acceleration, and dynamic pressure are plotted versus 
flight time in Fig. 4, along with altitude and the average 
wind velocity at Patrick AFB. Maximum dynamic 
pressure is seen to occur at approximately 61 sec. and 
33,000 ft. 

The most significant parameters in Eq. (35) (bending 
moment equation) are angle of attack, booster-engine 
angle, and normal acceleration. The average and 
the standard deviation of these three parameters are 
plotted versus flight time in Figs. 5, 6, and 7. It is 
interesting to note that the maximum response occurs 
in the vicinity of maximum dynamic pressure (¢ = 61 
sec.), even though the average wind input peaks a few 
seconds later (¢ = 67.5 sec.). Also, there is a marked 
similarity between the average and the standard devi- 
ation of each parameter. 

By solving Eqs. (44) and (46) for a large number of 
missile stations, the average and the standard deviation 
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FIG. 6. 


Time history of engine angle. 
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of the bending moment as functions of the percent of 
missile length were established. In Fig. 8 the average 
and the standard deviation at the critical altitude of 
33,000 ft. are shown. The 90, 95, and 99% extreme- 
value design bending moments obtained by Eq. (56) are 
shown in Fig. 9 (i.e., from Fig. 8, the average plus 1p 
times the standard deviation). 

In Fig. 10 the 99% design bendirg moments as ob- 
tained by the discrete profile design criteria of references 
§ and 10 are compared with the 99% curve of Fig. 9. 
In reference 9, the extreme wind velocities are combined 
with extreme wind shears (rate of change of wind ve- 
locity with altitude) in a prescribed way in arriving at a 
critical wind profile. The criterion of reference 10 was 
intended primarily for guidance system design; however, 
the bending moment response due to the 99° Patrick 
AFB profile was computed for comparison purposes. 
No special significance should be attached to the close 
agreement between the results obtained by nonsta- 
tionary methods and those obtained by the criterion of 
reference 9 (upper curve). For a different missile 
system, considerable disagreement could occur. 


Appendix A 
Statistical Description of Wind Velocity 


A statistical description of the N-S and E-W com- 
ponents of the winter-season winds at Patrick AFB 
as given in reference 6 is reproduced in Tables 1, 2, and 
3. The covariance of the one-dimensional wind dis- 
cussed in Section 3 and the square root of this matrix as 
discussed in Section 5 are shown in Tables 4 and 5. 

In order to illustrate the average techniques involved 
in reducing wind measurements to the form of average 
and covariance matrices, consider a set of one-dimen- 
sional wind soundings as shown in Fig. 11. 


(a) Average 
The sample average or expected value of the wind 
velocity at any altitude / is defined as 


‘ad - 1 i=! 
Wo(h) = ELU(H)] = 7 YO Uh) (A-1) 
#=1 
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whereas the true average is defined as 
My(h) = E[U(h)] = 

/ U(h) p[U(A)| dU(h) (A-2) 
where p[U(h)| is the probability density function of 
U(h). 


The sample average and true average will be used 
interchangeably, which implies that 


Poh) ~ My(h) (A-3) 
(b) Covariance 
Let 
U’(h) U(h) — div(h) (A-4) 
Then 


Rov(h,, Rs) = E[U'(h,) U'(h,) | 
1? I 
>> U'h,) U'i(h.) ~(A-5) 
I ; 1 


Again, the sample covariance will be used interchange- 
ably with the true covariance, 1.e., 
Roth. h ) ~ R, I (.. h,) (A-6) 
(c) Variance and Standard Deviation 
The variance is a special case of the covariance and 
is usually denoted by o”, e.g., 
a7, * Raalh,, h,) (A-7) 
The standard deviation is the square root of the vari- 
ance: 


ova.) = V Rov(hy, hy) (A-8) 


(d) Correlation Coefficient 


The correlation coefficient is a normalized covariance: 


puv(A,, hs) = [Rout (h,, h,;) | [ox he Sutis) | (A-9) 

















Fic. 11. Wind velocity sample space. 
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(e) Normal Probability Distribution where a /q 
‘ ; ; ; cc eed V 
Assuming the model wind process is normally dis- | Vd. 
tributed, then the joint probability density function : 
at altitudes /,,..., h,, is given by | (B-9) 
[U(hy) U(h,) | x | Wa 
DG Baia tees = ; ae: ji 
Pc (4/ 2m)" Qu l L V 
f ] "=" s=n : ; and [2 | [R | [R (B-10 
exp )— 5 >, 2, (Rn) * U'G,) UR F (A-10) 
“r=1s=1 Eq. (B-7) can now be written: 
where | Rv’ |'” is the square root of the determinate of [R] “[R] 
the m X n covariance matrix [R’" |, and (R,,”") ~| is the (=D) (=I) (zhp) EN] (B-11) 
rs element of the inverse covariance matrix [RU |~!. . cl Re 
Thus [R| [=]| DJ [=] (B-12) 


Appendix B 
Derivation of Square Root Matrix 


In Section 4, the input matrix [R°"| was factored 
into the product of two identical matrices [RU] 
This derivation follows from the so-called modal matrix 
equations (e.g., reference 11). 

If [| is a real and symmetrical matrix, then 


[RI[=Z] = [EISDJ (B-1) 
where rDJ is a diagonal matrix of the eigenvalues 
SS ie d,, obtained by solving the determinant 

| [rR] — d{z7|| = 0 (B-2) 
[=| is a matrix of eigenvectors with columns =), =», .. . 
=, The eigenvector corresponding to the d; eigen- 
value is 

[R]}{Ziy = ditz} (B-3) 
From Eq. (B-1) [R] = [ZINDJ[=z]" (B-4) 
since [R] = [R]’ (B-5) 
It follows that = is orthogonal: 

[=]-' = [=]’ (B-6) 
Substituting in Eq. (B-4), 
[R] = [El DJ(=I' (B-7) 
Introducing the matrices 
[D]’{p]'”" = fp] (B-8) 


There are a number of square roots of [2], since the 
square root of the eigenvalues can be positive or nega 
tive. In fact, there are at least 2” matrices that will 
satisfy Eq. (B-10). 
in computing the square-root matrix shown in Table 


The positive roots of d were used 


5. The eigenvalues and eigenvectors were obtained 
with the aid of a digital computer. 
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Vibration of Stepped Beams 


N. J. TALEB* anv E. W. SUPPIGER** 


Princeton Unwersity 


Summary 


Some results from the theory of integral equations, applicable 
to the problem of free lateral vibration of beams, are presented 
and the Cauchy function method is utilized in the solution, by 
successive approximations, for the lowest frequency and modal 
The results are then com- 


configuration of a stepped beam. 


pared to the exact solution based on the differential equation of 


motion. 
Symbols 
,y rectangular coordinates 
E modulus of elasticity 
I I(x moment of inertia of cross section 
weight per unit volume 
| A(x cross-sectional area 
gravitational acceleration 
time 
span of beam 
\ normal function for beam 
1 function of time 
circular frequency for the 7th mode 
L(x) differential operator 
G(x,s) Green’s function 
H(x,s Cauchy’s function 
f(x) generating function 
(x the wth iterated function of x 
a, o <; 
aK constants 


(1) Formulation of the Problem 


T ‘iE DIFFERENTIAL EQUATION! for the free lateral 


vibration of a beam is 


0? / __O*y yA O*y 
{| EI—)= - 
ox" ox g Of 
One assumes y y(x,t) = X(x)T(t), with 7(t) a 


harmonic function of time; the problem then is to find 
the circular frequencies p and the functions X that 


ae 4 we 
-{ El = p? X (1) 
dx? 


ax* g 
and the boundary conditions, i.e., 


X' = dX/dx = 0 


satisfy 


for built-in ends, 


X = 0, 


(x = 0. x 
for hinged ends, 


X =0, IX" = 1 (d*X/dx?) = 0 


for free ends, 


Received August 14, 1959. Revised and received March 1, 
1960 
* Consulting Engineer, Dar Al-Handasah, Beirut, Lebanon. 


** Professor of Mechanical Engineering, Princeton University 


IX” =0, (d/dxyIX") 0 (x 0, x /) 
Eq. (1) may be written as 
L(X) + Am(x)X 0 (2) 


where L(X) is the differential expression of Eq. (1), 
AX = Pp’, It is known that the 
only values of \ for which Eq. (2) has a solution X(x) 
valid for 0 < x < /, and satisfying the boundary condi- 


and m(x) = —yA/g 


tions, are the eigenvalues \ of the integral equation 
. 
X(x) =X } G(x,s) m(s) X(s) ds (3) 
J 0 


where G(x,s) is the Green's function of L(X) and its 
boundary conditions. The G(x,s) here is the deflec 
tion of the beam at section x due to the application of 
a unit load at section s, and it is evident that this func- 
tion It is 
known that the \ are positive, real, and infinite in 
number and that the eigenfunctions XY that correspond 


satisfies the boundary conditions also 


to the \ are unique. 


(2) Cauchy Function Method 


Only the essential elements of this method are out- 
lined here; for proofs and details the reader is referred 
to Temple.?. Our purpose is to illustrate how the 
method may be applied, as a practical iteration method, 
in the solution of the beam vibration problem 


We may define 


~/ 
f(x) = (f-s4G) | G(x,s) m(s) fyrr(s) ds (4) 


where (/,,_1,G) is the solution of 


L| fn(x)| + m(x)fp—a(x) 0 (5) 


The function G(x,s) may be discontinuous and often 
necessitates tedious calculation. Another solution of 
Eg. (5), due to Cauchy,’ is often simpler and proceeds 
es follows: 

The solution of Eq. (5) may be written as 


f(x) o(x) + HT(x,s) m(s) fn_a(s) ds (6) 





where 
(2) L{o(x) | 0 
(77) L|H(x,s) | 0 
(212) I] Eid HH" 0, = s 
(av "=x =—1, £=s 


In Eq. (6), we may make every function of this set, 
with the possible exception of the generating function 
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Fic. 1. Simply supported stepped beam. 


fo(x), satisfy the boundary conditions and thus deter- 
mine the constants in ¢(x). The conditions imposed 
on H(x,s) give the constants in H7(x,s). 

In many engineering applications, the cross section 
of the beam is constant (or may so be assumed) for a 
certain length and then changes abruptly to another 
constant section. This allows us to solve L[f,,(x)] = 0, 
for each region. with relative ease. The Cauchy func- 
tion method is therefore readily adaptable to stepped 


beams. 


(3) Application to a Stepped Beam 


Consider the stepped beam shown in Fig. 1. Cauchy’s 
method will be used here only to obtain the approxi- 
mate fundamental frequency and modal configuration. 
The method, of course, may be extended to multi- 
stepped beams, and to the higher modes.‘ 

Eq. (1) may be written as: 


= (=) = pp x (7) 
dx? \ dx? El ig 


A ;(x) = Ai, T(x) = h, g= ] O< 


where 


A 
lA 


Bite) = As Le) = ih += 2 oO <2 <1, 


The solution of L(X) = d*X/dx* = 0 gives 


x3 ij x 
A= = + a +oeox+ d, O<x<i1 
) 2 
" eX 3 box? 
X2 = F + +t d, O<x<skh 
) yA 


H(s,x) and $(x) have the same form as _X, as is evi- 
dent from conditions (7) and (77) of Section 2. Apply- 
ing conditions (777) and (7v), we obtain 

Sis8 Sos? 
H(s,s) = 0 = = += + Sy + Si 
) “ 
[7’(s,x) i, = 0 = (Sys? 2) + SoS ee S3 
[H" |r =O = Sst S 


[Hrs = -1 = S 
These four equations give 
3s3=-l, Ss=s, Ss; = —s?/2, Sy = s*/6 
hence 
\ 3 sx? 5 2y § 3 


Bias «> ea ee (8) 
6 é ys 


fo(x) = i. 
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Eq. (6) yields 


A," Dnix? 
fax) = ~ + tnx + dui} — 


6 9 
Yi j . x 4 om sx 4 s3 f , 
se "= n-1(s) ds (9) 
El ig Jo 6 2 9 g Ji ds 
where 
ms) = — yA; El.g 1 i ® < x < ] 
i=2, O<x <i. 


For our choice of a generating function fo(«) we take 
This does not satisfy the boundary condi- 
tions, but the iterated calculations that follow are 
simple, and good accuracy is obtained after only two 
iterations. 

Eq. (9) gives us 
4 4X" 4 by ;x" yA; x! 


+ oa t+ dy; + : (10) 


f(x) = 
i El g 24 


) = 


The boundary conditions (see Fig. 1) are 


fil(x) = f'n, = 0, x =0, «+=1,2 
fiu(l;) = fix(l2) and f’n(h) = —f’r2(/2) 
Lf’ uth) = Def” (le) 
and 
(d/dx) [f'n |ra1, = — (d/dx) [Lof" 12 |,=1, 


These eight conditions determine the eight con- 
stantsin Eq. (10). The first four give 


by = dy = 0 and by = dy = 0 


The last four conditions give results that will be simpli- 
fied by assuming from hereon: /; = /: = //2 =h, A: 
2A,, In = 4/, (note that for circular cross sections if 


A>»/A, = 2, then /,/J, = 4). Therefore, 


ayh* | ah dy2h* _ ahs 
mar x cuh + = ‘ + ¢Coh + 
6 24 6 

ayh? ah* Qy2h* ah’ 
> + Cu + a + C12 = is . 
y 6 2 12 


h? he? 
I, («us + =) = I, (ah +. =) 


ah 
T\(ay, + ah) = —Ie{ ay + a 





wherein a = yA;/El,g. The solution yields 

z © 

Ss « 

g of og 

? o 

a 

c © 2 
a 2 

ad : = «@ 

E a i S 
Approx. B fo (x) oS ‘ 

U ° 0.2 0.4 0.5 0.4 0.2 ° 


Fic. 2. First modal configuration. Exact vs. approximate 
solutions. 
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ay = —1.2500 ah, ay = —0.43750 ah f(x) = a(—0.20833 hx? + 0.35416 h®x + 0.04167 x*) 
Cn = 0.35416 ah’, Co = 0.23958 ah’ fie(x) = a(—0.07292 hx*? + 0.23958 h?x + 0.02083 x*) 


Eq. (10) becomes We now calculate for this beam, using the generating 


¥ a = function fo(x) = 1: 


‘i h 2 h 3 { all 
». Y ~e Y -. of11y! 
(to, fo) = f Aifo?(x) dx + / Aofo?(x) dx = 
g v0 g J0 ‘ 2¢ 


Y . ‘ ‘ 7 ' ae aati . = A,yal> 
and (fo, f;) = A; fo(x)fi(x) dx + - Ao fo(x)fie(x) dx = 0.01077 
g 0 . g 0 F 2 


The number A,; is defined as follows: 


, (fo, fo) 3A,l 139.3 
An = (f:°)) = = Sa = 
(fo, fi) 2(0.01077 Ajal*) al’ 
and Ay > A, (the first eigenvalue). 
The fundamental frequency (first approximation) is therefore 
(pi)1/2m = (11.8/2m/*)V Elyg/yA, (11) 
For the second approximation, we return to Eq. (9) andletm = 2. Thus 


lox? box? A; ‘ ” 
foi(x) = (‘ + + Cox + dx) _ = f HH (s,x)fii(s) ds (12) 
6 2 El ig Jo 


where //(s,x) is given by Eq. (8) andz = 1, 2 


Aox* box? 
4 


foy(x) - = + cox + do + 0.00294a7h*x' — 0.00025a7hx'? 
) 


— + eax + dx + 0.00100a%h%x> — 0.00004.a*hx" 


fo(x) = — + 


As before, we apply the eight boundary conditions to determine the constants. It follows that 


f(x) = a?(—0.02544h'x* + 0.04858h'x + 0.00294h%x° — 0.00025x7) | 


c ‘ — 7 5 7 j 13 
foo(x) = a?(—0.00740h'x* + 0.03227h'x + 0.00100h*x*® — 0.00004/x7) f (13) 
, fh ; 4 , ne ee 0.04727 Ayya?l® 
and (fo, fo) = y / Aj fo(x)foi(x) dx + I A sfolx) fex(x) dx = ihe 
g J0 . g J0 . (2)° g 


. (fo, fi) 0.01077(2)° 116.6 
(p1*)2 = = = 


thus Aie . crs 
( fo, Je) 0.04727 al! alt 


or the fundamental frequency (second approximation) is 


(pPi)2/2a = (10.8 2al?)V Ehg yA, (14) 


One may test the accuracy of this solution by substituting Eqs. (13) and (14) back into Eq. (7). 


(4) Exact Solution and Comparison 


Ihe stepped beam of Fig. 1 may be solved by the exact (differential equation) method as follows, and the results 
compared to the above. Westart with 


ls ~ lh, A» = uA}, I, = vl; 


Eq. (1) may be written as 


d*X ,/dxt = KX 


where K,' = yA;p?/EI,g andi = 1,2. The general solution is 
xX, = Ci sin Kix a Co cos Kix + C3 sinh Kix se C; cosh Kx, O < x </; ' (15) 
r . ° , ’ - , . - , - ‘ ~ 
Xo = Cssin Kox + Cs. cos Kox + C; sinh Kox + Cy cosh Kox, 0 <x < hf 


The boundary conditions are 
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x. — 1 Che — 0, x= 0 iy: c ae c = 0 
X,=1X."=0, x=0 «G&G =G=0 


(X1); Sikes (X2)z le and (As): a —(X»’), lo 
(7,X1")- i (TeXe” uaz and (d dx)(hX,"), i: = —(d dx) (IX o"), le 
Let: = Ko/K, = V u/v, siny = sin K,/;, sinh; = sinh Kj/;, etc. 


The last four conditions require 


C, siny + C3 sinh; — Cs; sins — C; sinh, = 0 

C, cos; + C3 cosh; + 2C; cos, + 2Cz cosh, = 0 | 
—C; sins + C3 sinh; + v32?C; sing — vz?C; sinh, = 0 | hae) 
— C); cos; + C3 cosh; — v2z°Cs cos, + vz*C; cosh. = 0 


Either C) = C3; = Cs; = C; = 0 (a trivial solution) or the determinant of the system must equal zero. Expanding 
this determinant gives the frequency equation 


(v’z' — 2vz* + z)(sin; sine cosh; coshe ++ cos; cose sinh; sinhy) — 
(v7z° + 2vz* + 2z)(cos, sins sinh, cosh, + sin; cose cosh, sinhs) — 
4uz* sin, cos, sinh; cosh, — 4vz? cos; sins cosh; sinh, = 0 (17) 


As before, we simplify the calculations from here on by assuming 

= l= 1/2, Az,= 2A, I, = 40 
i.e., u=2, v=4, z=0.841, and K. = 0.841K, 
Let: k = Kyl, = Kjl/2 and ko = Kolo = K.j/2 = 0.841k 
Eq. (17) becomes 


2.801(1 + cot k cot ky tanh k tanh ko) — 12.32 (cot k tanh k + cot ko tanh ko) 
—8 cot ky tanh k — 11.31 cot k tanh ky = f(k) = 0 (18) 





The differential equation method loses its charm at 


this point. However, the first root of Eq. (18) may X, = C, [sin 3.24(x//) — 0.088 sinh 3.24(x//) | t 
be found to be k, = 1.62 and the fundamental fre- X2 = C,(0.623 sin 2.72(x/l) + 0.099 sinh 2.72(x//) |f 
quency is (20) 
pi/2e = (10.5/2ml2)V Ehg yA, (19) We now compare this exact configuration with the 
approximate solution given in Eqs. (13). We may 
Note that the second approximation to this fre- choose C; = 1 and multiply Eqs. (13) by a suitable 
quency as computed for this beam, with a jump dis- constant 8 so that 
continuity, by the Cauchy function method with 7 
fo(x) = 1 [see Eq. (14)] is about three per cent above BUfa)e-i/, = X1 


the exact value given in Eq. (19). In design calcula- The results are shown in Fig. 2 

: . 7 2 5 lal 
tions, accuracy of this order may be acceptable. If 
greater accuracy is required, a third approximation may 


be made—or one may choose a better-fitting generating References 
function fo(x). 1 Timoshenko, S., Vibration Problems in Engineering, D. Van 
Having determined the first root of Eq. (18), we may Nostrand, New York, 1955. 


2 Temple, G., The Computation of Characteristic Numbers and 


return to Eqs. (16) and obtain 
Characteristic Functions, Proc London Math. Soc., Vol. 29, No. 2, 


C3; = —0.08S8C;, Cs = +0.623C, C; = +0.099C, 1929 
F ; : e ; 3’ Goursat, E., Cours d’Analyse Mathématique, Tome II, 
substituting these values in Eq. (15) we obtain the equa- Gauthier-Villars, Paris, 1949. 
tion for the first normal mode: ! Taleb, N. J., Ph.D. dissertation, Princeton University, 1955 
+ + + 
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Radiative Heat Transfer in Free-Molecule 


Flow' 


SAUL ABARBANEL* 


Massachusetts Institute of Technology 


Summary 


Che effects of thermal radiation on the equilibrium tempera 
tures in free-molecule flow are investigated. It is shown that 


when the temperature is nondimensionalized appropriately the 


problem 
dimensionless temperature are found in terms of a similarity 


parameter 


possesses similitude properties. 


Solutions for this 


In the case of high-speed flow, the body tempera 


ture is given directly in terms of flight conditions, body geometry, 


and surface properties. 
The effects of solar radiation and finite thermal conductivity 
of the body are studied both qualitatively and quantitatively 


H 


H 


H, 


Received 


1960 


‘ D 


January 12, 1960. 


Symbols 


radius of a sphere or outer radius of spherical shell 

coefficients in Legendre-polynomial expansion of 
f(u) [see Eq. (35)] 

coefficients of P,(u) in solution for the tempera 
ture distribution in a solid sphere of finite con 
ductivity 

inside radius of spherical shell 

most probable molecular speed under free-stream 
conditions 

coefficients of P,,(u) in solution for the temperature 
distribution in a spherical shell 

emissivity and absorptivity of a radiating solid 
surface 

E, + Ej 


(ergs/sec./cm.?) 


total molecular-energy influx 


molecular-energy influx due to internal degrees of 
freedom 

energy efflux carried by the re-emitted molecules 
(ergs/sec./cm.?) 

energy influx due to solar radiation 

translational energy flux in free-molecule flow 

average dimensionless translational energy flux 
per molecule; defined in Eq. (2) 

flux factor for spherical surfaces; defined by Eq. (34) 

dimensionless overall energy-flux factor; defined 
by Eq. (18) 

similarity parameter for bodies of finite thermal 
conductivity ; defined by Eq. (25) 

similarity parameter for perfect conductors; de 
fined in Eq. (16) 

similarity parameter for perfect insulators; defined 
in Eq. (10) 

similarity parameter for solid spheres; defined in 
Eqs. (31) and (33) 

similarity parameter for spherical shell; defined in 
Eq. (39) 
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mm 


NAW 


T 


the free-molecule flow regime. 


number of internal molecular degrees of freedom 
partaking in the energy exchange with a surface 

solar constant 146 X 10° ergs/sec./em.? in 
vicinity of the earth 

Boltzmann’s constant 1.38 X 107" ergs/°K 

thermal conductivity (ergs/em K..-sec 

thickness of flat plate 

reference length 

molecular mass 

free-stream molecular number density (number of 
molecules per ce 

dimensionless overall flux factor; defined in Eq. (17 

total heat-transfer rate (ergs/sec 

dimensionless total heat-transfer rate (see Figs 
11 and 12) 

dimensionless radial coordinate 

dimensional radial coordinate 

speed ratio ( U./« 

temperature (°K 

constant temperature imposed on inner surface of 
spherical shell 

temperature of perfect conductor 

temperature of perfect insulator 

flight speed 

dimensionless molecular number flux; defined by 
Eq. (1 

local angle of attack 

semivertex angle of cone or wedg¢ 

a b thickness of spherical shell 

y/a ratio of spherical-shell thickness to outside 

radius 

dimensionless temperature appropriate for similarity 
solutions 

dimensionless temperature of perfect conductor 
appropriate for similarity solution 

dimensionless temperature of perfect insulator ap 
propriate for similarity solution 

polar angle in spherical coordinates 

cos 0 

molecular number flux (No. of molecules/sec./em.? 

Stefan-Boltzmann constant 5.76 X 10°° ergs 
cm.~?sec.~! °K 

elevation of sun above horizon plane 

dimensionless parameter defined in Eq. (24 

azimuth angle of sun 

angle between Civec'ion of sun rays and normal 
to surface Ciusucnt 

thermal accommodation coefficient of solid surface 


(1) Introduction 


HE PRESENT INVESTIGATION is concerned with the 
steady-state temperature of radiating objects in 


There are two main 


reasons why radiation effects are important in free- 


molecule flow. 


The more obvious one is the fact that 


rarefied gases cannot support a large convective heat- 








300 JOURNAL OF THE AEROSPACE SCIENCES—APRIL 1961 





2 
16 { SPECIFIC NUMBER FLUX IN 
FREE-MOLECULE FLOW / 
~ S*sin*ag 
v e Ssinx 
c——- s + |! f (Ssin&) 
1a 42 aes 7 tt entsoem] 
~ % 
C., 


262 


2-4 











ee L it L 1 i 
-1.2 @ -4 fe) 4 8 12 16 

S sin & 

Fic. 1. 


transfer rate and hence the alternate modes of energy 
exchange, namely, radiation and conduction, pre- 
dominate. The second reason has to do with the re- 
sulting relatively low surface temperature. Recent 
studies by Willis! indicate that transitional corrections 
to free-molecule flow theory depend strongly on the 
surface temperature when the latter is low in com- 
parison with the free-stream stagnation temperature. 
It is therefore of some interest to be able to predict 
the surface temperature and the effect of radiation on 
it. 

The first calculations of radiation cooling in free- 
molecule flow were carried out by Sanger and Bredt.? 
Stalder and Jukoff* made numerical computations of 
the temperature of a radiating flat plate for various 
free-molecule flight conditions. In the present paper 
a similarity law is sought and applied to several body 
geometries. The form of the solution in the presence 
of solar radiation and finite thermal conductivity of 
the body is considered as well. 


(2) Energy Fluxes in Free-Molecule Flow 


Many of the results of this section are readily avail 
able in the literature. They are summarized briefly 
here in order to establish the various notations and their 
meanings. 

Under the assumptions of free-molecule flow, the 
gas has a Maxwellian velocity distribution, and the 
number flux v (the number of molecules incident on a 
unit area per second) is given by: 


y= Nolo itil "/9V 3] ~ 
(1/2)S sin a[1 + erf (Ssin a)]} =n.c.Z (1) 


where 7. is the molecular number density (em.~*), c. = 


V 2kT.../m is the most probable speed, & is Boltzmann’s 
constant, m is the molecular mass, 7”, is the free-stream 
temperature, @ is the local angle of attack, and S 
U/C» is the speed ratio. The parameter Z, defined 
by Eq. (1), is a dimensionless number flux. 

The total energy influx (ergs/cm.*/sec.), E = Ey + 
E;, is composed of two parts: the translational energy 
flux, Hy, given by 


» 3 2 of S? In 5 9S? 
E, = mn = . 1( s ) po Stsin? a (° + ) “ 
ye V 29 4 


S sin a [1 + erf (S sin a)|t = (1/2)mc,.2v& (2) 


and the energy influx due to the internal degrees of 
freedom, Ej, 

E; = (1/2)jkTWWv (3) 
where j is the number of internal degrees of freedom 
that partake in the energy exchange with the surface. 

The dimensionless translational energy flux per mole- 
cule, &, defined by Eq. (2), can be written as 


& = (5/2) + S? — (e798 8/44/2Z) (4) 


Its asymptotic values can easily be shown to be 


—- 2 


ea 
Ssina>1 


AVERAGE DIMENSIONLESS TRANSLATIONA 
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S>1 5 
— + S? cos? a 


Ssina<1 9 





and 


Plots of Z and & are given in Figs. 1 and 2, respec- 
tively. 

Following the accepted convention, it is assumed 
that a single thermal accommodation coefficient, Q, 
governs the translational and internal degrees of free- 
dom and is defined by 


Q = (E — E,)/(E — Ex) (5) 
where E, is the actual energy efflux of the rebounding 
molecules and £,, is the energy flux that the re-emitted 
molecules would have carried away if they were at 
the wall temperature. With FE, = (2 + 1/2 j)kTyv, 
Eq. (5) can be rearranged in the form 
E/E =1—2)1—-— [44+ //(228+ f/\(T./T.)} (6) 
Since, owing to radiation cooling, 7),/7.. is at most of 
order unity (see reference 3), it follows that for S* > 1 
(and a 2 0), 


E/E =1—2 (Ga) 


(3) Similarity Parameters for Insulated 
Surfaces 


The surface temperature distribution of a thermally 
insulated object depends on the local heat fluxes only. 
The energy balance at a radiating surface element 
exposed to free-molecule flow can be written as 

E = E, + ecT,' (7) 
where 7°, is the temperature of the insulated (noncon- 
ducting) surface and o and e are the Stefan-Boltzmann 
constant and surface emissivity, respectively. Substi- 
tute for E = E, + E; and E, from Eqs. (2), (3), and 
(6), and define a dimensionless temperature 


tn = [2e0/(4 + f)Qkn.coZ)'*T, (8) 
thereby transforming Eq. (7) into 
an + mn = An (9) 


where 


28+; 2e an 
n- (SiMlaatical”*- 
4+ 7/L(4 + s)Qkn.c.Z 


2& ] 
( +d) no (10) 
+s 


Since H,, is completely specified by the surface, free- 
stream and flight conditions, 7, and hence 7), is im- 
mediately available. 

Notice that it is possible to formulate a similarity 
rule only for the dimensionless variable 7, rather than 
for 7, itself. The similitude, as expressed by Eq. (9), 
indicates that all surface elements that possess the 
same value of the parameter /,, will also have the same 
value of n,. A plot of n, vs. H, is given in Fig. 3. It 
terminates at H, = 84 since for values of H, > 1 
the solution 
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1/4 
nm = H, (H, > 1) (11) 


is an excellent approximation. It is easily demon- 
strated‘ that for free-molecule flight in the terrestrial 
atmosphere, 7, > 1 for hypersonic speeds (S? > 1). 
Thus, for the very important class of problems of high- 
speed flight an explicit solution for 7), is available; 
substitution of (8) and (10) into (11) yields: 


T, = [((26 + f)Qn.k??T..°”°Z V 2m ea|'* (S?> 1) 
(12) 


(4) Similarity Parameters for Perfect 
Conductors 
The temperature of a perfect conductor, 7, is uni- 
form and is found by a procedure similar to that used 
in Section 3. One forms the total, rather than local, 
energy-flux balance: 

S SEMA = S[SEdA+ ff feoTsdA (13) 
where 7A indicates integration over the surface area of 
the object in question. Upon substitution for E and 
E,, and defining 


2ea f JdA ] ™ 
Ne = ; cs le (14) 
(4 + f)Qkn.c..S J ZdA 
Eq. (13) becomes 
ni + ne = H, (15) 


where 


i we hee Fd 
| (4 +jS SZdA 
r 2ea J JdA 1/3 7 | 
Lia + s)Qkn.c Fai | T.. (16) 


Notice that Eq. (15) has exactly the same form as 
Eq. (9) and hence its solution, for a given H,, is also 
obtainable from Fig. 3. The various ratios such as 


[SS (28 + fZdAl/[((4 + )S SZdA] that appear 
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in Eq. (16) depend, of course, on the geometry in ques- 
tion. The results for several common shapes are pre- 
sented in Section 5. 
(5) Examples 

Only cases of perfect conductors will be considered 
here, since the surface temperature distribution of an in- 
sulator is given by Eq. (12) [or Eqs. (8), (9), and (10) 
for the nonhypersonic cases]. Computation of the 
local angle of attack on simple shapes is a straight- 
forward geometrical problem. 

It was shown in Section 4 that in order to compute 
HT, and perform the transformation 7, <> 7°, it is neces- 
sary to evaluate the quantities 


N=JSS Z4A/S JS dA (17) 

aid F= f Sf (28+ jf)ZdA/(4+j)S S ZdA (18) 
Eqs. (14) and (16) are thus rewritten, respectively, as: 
ne = [2e0/(4 + j)Qkn..c.N|'”? T, (19) 


H, = F[20o/(4 + j)Qkn.caN)'"OT. = Fy. (20) 





The integrations involved in calculating F and N can be 
quite tedious and the details will be omitted here. 
The final expressions for F and N are tabulated below 
for several geometrical configurations, thus allowing one 
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immediately to compute //, and hence (from Fig. 3) 7,, 


leading to 7’... In the case of hypersonic flow (.S? > 1) 
it can be easily demonstrated that regardless of body 
shape 
2a" 
f= : 
s2 > ] } + j 
and since Ne = a (S? > 1) 


it follows that 
T. = [2Qn..k° ot id V mec}! PN? (§2>>1) (21) 


In addition to the expressions F and N given in Table 
1, plots of the dimensionless temperature 


7 1/4 
oe BP/2 73/252 /-/m m 


are shown in Figs. + and 5. 

In the formulas given in Table 1, J) and J; are the 
modified Bessel functions of the first kind of order zero 
and unity, respectively. 


(6) The Effect of Solar Radiation 
A surface element exposed to the sun’s rays will ab- 
sorb an energy flux of the amount 


TABLE | 
Values of the Parameters (4 + 7)F and N for Some Perfect Conductors 
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E, = eJ, cos w 


where /, is the local solar constant; e is the surface 
absorptivity (= emissivity) and w is the angle between 
the direction of sun rays and the normal to the surface, 
n. In the vicinity of the earth the solar constant is 
approximately 2 cal./min./em.* or 1.46 X 10° ergs 
sec./cem.? 

It is desirable to express w in terms of the flight co- 
ordinates. Let the horizon plane contain the free- 
stream velocity vector U., and be normal to the plane 
defined by U.. and n. The sun elevation ® is meas- 
ured from this horizon plane, and its azimuth y is meas- 
ured from the flight direction. Then 


cos w = cos a sin & + cos © sin a cos p 
where ais the local angle of attack. 
The dimensionless local energy-flux balance, Eq. 
(9), is now modified to read 
ni + an = An + Asn = Hal + (Asn/Hn)] (22) 
where 
0 5:n/Hy = 2eJs cos w/(2E + 7)Qn.ke.ZT. 
is the ratio of the net solar energy influx to the net 
free-molecule energy influx. Thus for given flight con- 
ditions the formulation of the problem remains essen- 
tially unchanged. In the case of perfect conductors, 
Eq. (15) becomes: 


n' + ne = He + Hove = 
HW E dea 2eJ, SS coswdA | (23) 
Oncol. SS (28+ 7)ZdA} ~~ 


To demonstrate the effect of solar radiation, consider 
the simple case of a perfectly conducting sphere (or 
spherical shell) at hypersonic speeds. For this case 


one has 
JS JS coswdA = 1/2 
and SS (2 + fZdaA => S* 





and it follows that 


(F156 Fi Jeghene ery eJ; OQkn Cc Yi S3 


A plot of this ratio vs. S, for several altitudes, is pre- 
sented in Fig. 6. The necessary atmospheric data were 
obtained from reference 5. It is seen that the effect 
of solar radiation can be neglected only at the very 
lower altitudes and at extremely high speeds. Thus 
at 120 km. and S = 17.5, H,;.. = H,, 1.e., the effective 
heating rate is doubled and hence the temperature 
is about 20% above the value it would have in the 


absence of solar radiation. 


(7) The Effect of Finite Thermal Conductivity 


This section is concerned with the effect of thermal 
conductivity on the temperature distribution of a 
radiating object in high-speed free-molecule flow. It 
will be shown that similarity solutions are still avail- 
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DIMENSIONLESS 
TEMPERATURE OF A 








Fic. 5. 


able provided the nondimensionalization scheme differs 
from the one previously employed. 

It will be assumed in the following that we are deal- 
ing with solid objects made of homogeneous material 
with constant thermal conductivity A (ergs/sec./cm.*). 
Free use will be made of previous results, particularly 
those of Section 2. 

The basic approach that will be taken is that the 
steady temperature distribution problem in a solid is 
to be solved, subject to certain nonlinear boundary 
conditions. The boundary condition then will include 
the heat fluxes due to radiation and free-molecule 
flow convection, as well as the conduction term. The 
formal statement of the problem is then: 

Vel =0 
K(0T/o0n) + eo7* + E, = E (on external surfaces) 
where 07°/0n denotes the derivative in the direction of 
the outward normal. In some cases, for example, a 
spherical shell, an additional boundary condition must 
be specified on the internal surface. 

Next we nondimensionalize the coordinates through 
division by some reference length LZ characteristic of 
the problem geometry (e.g., plate thickness, sphere 
radius, etc.), and introduce a dimensionless tempera- 
ture 


n = (eoL K)' ei 


and use Eqs. (2) and (3) to transform the problem 
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Vn == §) 


(On/On’) + nt + xn = H 


(on external ‘‘dimensionless”’ surface) 


where 0/On’ = 0/0(n/L) 
; Ob 
(25H) 
z K 
29¢ N Jeg 4\ 1/3 
and H= (= ri\(' =) QkvT (25) 
2 K4 


It can be demonstrated‘ that for the range of available 
solid materials [10-* < K < O(1) cal./see./em.-°C. ] 
and for reasonable free-molecule flow flight conditions 
(e.g., speeds not exceeding the escape velocity) the 
parameter x is always small in comparison to unity. 
It follows that 0n/On’ > xn and the problem statement 
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reduces to 
V*n = 0 (26) 


(On/On’) + ni = H (on external surfaces) (27) 


The physical significance of the simplification leading 
to Eq. (27) (i.e., x < 1) can be best understood by not- 
ing that x is essentially the ratio of the rebounding 
energy flux to the conducted flux. Notice also that 
Eq. (27) can be derived directly from Eqs. (2) and (3) 
through the use of the relation £,/E ~ 1 — Q estab- 
lished in Section 2. Both of these observations em- 
phasize the minor role of the rebounding molecules in 
establishing the energy balance. 

The solution of (26) and (27) for some particular 
configurations will be summarized below. 
(7a) The Flat Plate 

Consider a conducting flat plate whose thickness / 
is much smaller than its length so that it is essentially 
a solid slab in which heat conduction is one-dimen- 


sional and the temperature distribution is linear. The 
boundary condition, Eq. (27), becomes 


mi+tm—m = (28) 
n' + m — m = Ae (29) 


where the subscripts 1 and 2 refer to the pressure and 
suction sides of the plate, respectively. 
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The solution for the dimensionless surface tempera- 
tures 7; and 7» will now be considered. A straight- 
forward graphical method, illustrated in Fig. 7, con- 
sists of plotting the parametric curves indicated by 
Eqs. (28) and (29) for various values of H, and Hp. 
The intersection of the two curves for the proper 1, 
and fH, yields the two values of m and 7» that are 
sought. 

Some special cases are detailed in reference 4. One 
of them is that of |S sin a| > 1, i.e, He < Hy, which 
is demonstrated in Fig. 8 where 7; and 7 are given as 
functions of 7; only. 

When solar radiation is present, the quantity HW, = 
eJ,(ecl4/K*) cos w is added to either , or Hs, de- 
pending on which side of the plate is exposed to the 
sun rays. The solution is then found from Fig. 7 
as before. A special case of interest is that of flight 
outside the sensible atmosphere (i.e., E; > FE; and £2). 
The equations for 7 and yn. become: 

m'+m—™ = H, 

ne* + me — m = 0 
where now the plate surface exposed to the sun is 
designated as side 1. One then uses Fig. 8 with 
V H, replaced by V Hy. 


(7b) The Solid Sphere 

Consider a solid sphere of radius a whose coordinate 
system is shown in Sketch 1. The dimensionless 
spherical coordinates of a point in the sphere are 
r R/a, &, ¢ where @ is the polar angle and is re- 
lated to the angle of attack a through 


a = 0 — (m/2) 


For high speeds (.S* > 1) the problem statement (26) 


and (27) becomes: 


O< r< i) (30) 


V7 = 0 
(On/dr) + nt = H=Af(u) (r = 1) (31) 


~ 9 


where H = V2/m (eaa'/K*)'? Qn k®?T..*/7S? 
(5° 21) a 
a = cos ? 
j —~-E —s < kK S$ 0 9 


and f(u) = ) 0 0< pki (34) 


Because of the axial symmetry the solution must be 
of the form 
n(r, w) = >, Anr"P,(u) 
n=0 
where the coefficients A, are to be determined from 
the boundary condition (31) which takes the form 


44 
7 nA,P,() + bP AnPa(u) | = 


l n 

Af(u) = H do a,P,(u) (35) 
n=O 

The coefficients a, are those used in the expansion of 

(fu) in terms of the Legendre polynomials P,,(u), and 
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are given by 


Gon = (—)*t! [(4n + 1)/(2n — 1)(n + 1)] X 
[(2n)!/(22"+2n !n!) | 


The nonlinearity of (35) rules out the usual procedure 
of matching coefficients of like order in P,. However, 
methods of solution can be devised‘ for the three main 
classes of problems: (a) H < 1, (b) H = O(\), (ce) 
II> 1. The details are omitted here and attention is 
called to Fig. 9 where the surface temperature dis- 
tribution is plotted vs. » for various values of H.* It 
should be noted that for H = 0 and @ the results reduce 
respectively to the correct form for the perfect con- 
ductor and insulator. 


(7c) The Thin Spherical Shell 

Two problems of interest suggest themselves when 
one considers the radiating spherical shell in high- 
speed free-molecule flow. In the first one the inner 
surface is maintained, through cooling or heating, at 
some desired constant temperature 7). 

In the second case, which might be designated as 
the ‘‘natural”’ configuration, equilibrium is established 
without any artificially imposed mechanism. Thus, 
in addition to conduction, internal cavity radiation 
also contributes to the energy fluxes at the inner sur- 
face. These two cases now will be considered sepa- 


rately. 


The Spherical Shell With a Constant 
Inner-Surface Temperature 


Consider a hollow sphere with an outer radius a 
and an inner radius b. The coordinate system and 


* The dashed line in Fig. 9 for H 100 represents only the 


zero-order result of an iterative procedure 
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molecular energy fluxes are the same as for the solid 
sphere. Physical considerations indicate that the 
shell thickness, y = a — b, is a meaningful reference 


length. This suggests the following dimensionless 


variables: 
r = (R — b)/y = (R — 6)/(a — 8) 
and n = (eoy/K)“T = (evea/K)°T 


where « = y/a is the significant dimensionless ratio 
for the problem. The equation and boundary condi- 
tions become 


re) ( é 1— ‘) o* ] 4 re) E 2) 1] 9 
arr > 4E = 
or € or Ou L- » Ou 
(O<r< 1) (36) 


f= 1) CA 
(r = 0) (38) 


(On/Or) + nt = A, f(u) 
n = nm = constant 
The similarity parameter H, is given by 
A, = V2, m (eoy!/K4)' On, k* 7.3788 = &?H (39) 
and m = (eoy/K)'*T, 
The solution to (36) must be of the form 


x l ~— n 
n(r, uw) = \4. [r+ : ‘| + 


n=0 
l —_ —n—1 
By, [ - ‘| } P,(u) (40) 
€ 
Use of the inner boundary condition, Eq. (38), yields 
the relations: 
Bo = [1 _ €) ‘el (m0 ee A») (41) 
B, = —[( — ©&/e]"+1A, (n 21) (42) 


If we restrict the analysis to thin shells (e < 1) it fol- 
lows‘ that H, <1. Under this condition it is found 
that the A,’s satisfy the following: 


[eAo + (1 — €)m]* + (1 — ©)[edo + (1 — ©)m] = 
(H,/4) + (1 — ©€)?m (43) 


and 
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7 l 
A, = e"a,H, Je E a wal (] = oo] 4 


nN 
4[eAo+ (1 —_ e)n }3[1 —(|]— €)?" “yt 


(n 21) (44) 


A graphical solution of Eq. (43) is given in Fig. 10, 
supplying us with A, for given e, H,, and m. Having 
obtained Ap, all the A, are available through Eq. (44) 

With the complete solution being specified by Eqs. 
(40) through (44) it is now possible to compute the total 
heating or cooling rate Q, (ergs/sec.) that is required 
to maintain the inner-surface constant temperature, 
T, = (K/eoy)'/'m. The result, in two nondimen- 
sional forms, is shown in Figs. 11 and 12. 

Finally, one can inquire under what conditions there 
will be no net heat transfer at the inner surface. It is 
deduced‘ that Q, = 0 when the imposed inner-surface 
temperature satisfies the condition 


not + e(1 — €)m = H,/4 (45) 


Solution of (45) for various values of € is presented 
graphically in Fig. 13. 
There remains to consider the case of the ‘“‘natural” 
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Cy = (7. })! . (52) 
= ——— ’ on j : n+ ] ‘ 
e eo oe C, = &a,4 1 ne} 1 + (1 — 6)*T* xX 
nel aa n 


CONSTANT INNER-SURFACE TEMPERATURE 
Tela 0 NECESSARY TO MAINTAIN ZERO 
HEAT-TRANSFER RATE AT INNER SURFACE 
OF A THIN SPHERICAL SHELL IN HIGH 
SPEED FREE-MOLECULE FLOW 


eod y/s/) 











The Spherical Shell With Internal Cavity 
Radiation 


This case differs from the preceding one in that there 
are no externally imposed restrictions on the inner 
same nondimensionalization 


boundary. Using the 


scheme, the problem statement becomes 


ra) ( 4 1 — ‘) | 4 0 | ' r o* a 
y ( — | = 
Or € or Ou x Ou 


(O<r<1) (46) 
(On/Or) + n* = AL f(y) (r= 1) (47) 
>] 
(On/Or) = (1/2) | [n?(O, w ) — n*(O, wr) |duy 
J -1 
(ry = 0) (48) 
The last boundary condition expresses the fact that 


each point on the inner surface receives and emits 
radiant energy as well as conductive heat flux. In its 
present form this boundary condition is quite trouble- 
some. It can however be “‘linearized”’ if it is realized 
that the internal radiation tends to diminish tempera- 
ture differences on the cavity wall. Thus Eq. (48) is 


replaced by 


On ; ike 
= 4y' — 27° n(O, wy) duy (ry = 0) (AS8a) 
or J -1 
The general solution to (46) is 
: 1 — e\” 
nr, uw) = DI Ca(rt+ ~ 
n=0 € 
t= 
D,\ r+ P.(u) (49) 
€ 


where the coefficients C, and D,, are to be determined 
from the boundary conditions. Again using the fact 


that A, < 1, the following expressions are obtained*: 


Dy, = 0 (50) 
l ees 2n+1 
m ii ( i “ 
€ 
4C,* — (€/1 — e€) 
| ss : a |o (n 21) (51) 
4C)° + (€/1 — (n+ 1) 


4C;? — (€/1 — €)n 


|: 
104° + (€/1 — e)(m + 1) 


ak — (1 — 6+! x 


1Co*> — (€/1 — e)n i} " 
; : (n 21) (03) 
4C9° + (€/1 — e)(n + 1) f 


Eq. (49) in conjunction with these expressions for C), 
C,, and D, constitute the formal solution to the prob- 
lem (when Hy < 1, 
should be noted that the result Dy 
pend on any approximation. It 
fact that the net integrated heat transfer at the inner 


which is usually the case). It 
) does not de- 
follows from the 


surface must vanish. 


Conclusions 


(a) The procedure for determining the temperature 
of a perfect insulator is, in general, as follows: (1) Com 
pute //, from Eq. (10); (2) For this #7, obtain 7, 
from Fig. 3; (3) Use this value of 7, in Eq. (S) to 
find 7°. 

In the special case of S? > 1 (i.e., 7, > 1), find 
7, directly from Eq. (12). 

(b) The procedure for the case of perfect conductors 
is basically the same as the one above. Determination 
of H7, is more involved than that of /7,,. 
examples are tabulated in Section 5. 

(c) It was seen that solar radiation does not affect 
the basic formulation of the similarity solution. The 
specific example of a perfectly conducting sphere (or 
spherical shell) was used to demonstrate that this effect 
is dominant at low speeds and high altitudes. 

(d) The effect of finite thermal conductivity of the 
It is shown that the 


Some specific 


body is considered in Section 7. 
problem, though more complicated, is still susceptible 
to a similarity solution, 7 (or H) being the similarity 


parameter. 
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Buckling of a Column With Random Initial 
Displacements’ 


WILLIAM E. BOYCE* 
Rensselaer Polytechnic Institute 


Summary 


Elementary column-buckling theory assumes that the column 
is initially straight, and leads to an eigenvalue problem for the 
buckling load. For curved columns the phenomenon of buckling 
in a sense disappears, inasmuch as nonzero displacements occur 
for arbitrarily small loads. The purpose of this paper is to dis- 
cuss the relation between the load and the mean transverse dis- 
placement of the column when the initial configuration of the 


column is random in nature. 


Symbols 
r = applied load, positive when compressive 
l = length of column 
El = flexural rigidity 
k = dimensionless load parameter 
W = initial transverse column displacement 
r = transverse column displacement due to load P 
G = Green’s function 


E(¢) = mathematical expectation or mean of the random 
variable @ 


D%(@) = variance of the random variable ¢ 
p = correlation function 
pe? = variance of W, assumed constant 
I, = integral used in computation of approximate value 
of D?| Y( x)| 
p* = correlation function used to compute /,, 
| Rg = integral appearing in expression for /,, 
ios = value of load parameter for which D?|Y| = D?{W] 
= standard deviation of midspan displacement 
m’ = mean absolute midspan displacement 
a’ = standard deviation of absolute midspan displacement 
a = parameter appearing in correlation function 


(1) Most MATHEMATICAL ANALYSES OF MECHANICAL 
SYSTEMS involve idealized models, generally designed 
so as to produce linear mathematical problems. The 
literature dealing with such problems is vast. Actual 
physical systems deviate from the ideal model, how- 
ever, and to take this into account, a great variety of 
problems have been considered involving prescribed, 
and frequently small, perturbations of the model. Un- 
fortunately, sometimes the difference between the 
actual system and the model is random in character; 
in this case observations of the physical system also 
differ from predictions based on the model in a random 
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manner. This leads to the question, studied by com- 
paratively few investigators, of relating the random 
deviations from a mathematical model with the conse- 
quent random deviations from solutions based on it. 
Much of the existing work along this line has been in 
connection with electrical problems, and usually in- 
volves a Fourier-type approach. The present paper is 
concerned with this question from a different view- 
point; while much of the discussion is general, the 
problem of “‘buckling”’ of an initially curved column is 
given particular consideration. 


(2) The elementary theory of columns under end 
loads originated with Euler about two centuries ago. 
This treatment involves several assumptions, including 
the following: 


(i) the column is initially straight; 

(ii) the loads are perfectly centered and parallel to 
the axis of the column; 

the column is made of homogeneous isotropic 


— 


(iii) 
elastic material; 

(iv) the strains are small. 

As a consequence one is led to the differential equation 


y'Y + py” = 0, 0< «1 (2.1) 


together with suitable boundary conditions at x = 0 
andx = 1. Here Y(x) is the lateral displacement of the 
centerline, the primes and roman numerals denote 
differentiation with respect to x, and 


k? = Pl*?/ElI (2.2) 


where P is the applied load (positive when compres- 
sive), / the length of the column, and £/ its flexural 
rigidity. The boundary conditions are linear and 
homogeneous in Y and its first three derivatives, lead- 
ing to a typical eigenvalue problem. Nontrivial solu- 
tions for Y exist only for certain nonnegative values 
ky, ko, .. . of the parameter, the smallest of which defines 
the buckling load. When P is less than the buckling 
load, no lateral displacements occur. 

The behavior of the column is quite different if a non- 
homogeneous term in the differential equation is intro- 
duced through violation of assumption (i). The pres- 
ent paper concerns the situation when such a term is 
random in character. 

If the column is not perfectly straight, as in Fig. 1, 
the differential equation becomes 


VV + RY" = —RW", 0<x< 1 (2.3) 
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where IV’(x) is the initial displacement of the centerline, 
and }(x«) still represents the displacement resulting from 
the application of the load P. Now, well-behaved 
but nontrivial solutions exist for all values of k except 
the eigenvalues, and, in particular, displacements 
Y(x) not identically zero occur for arbitrarily small 
loads P. 

The solution is represented most conveniently for 
present purposes in terms of the Green’s function 


G(x,£) by the integral 
1 o1ry 
‘ ' avn 
Y(x) = ef G(x, —) — — (&) dé (2.4) 
0 dé 


While the following analysis can be carried out for any 
reasonable boundary conditions, the calculations are 
simplest when both ends are simply supported so that 
the boundary conditions are 


Y(0) = YO).= Y*°@) = ¥Y*(1) = 0 (2.5) 


The differential equation can then be integrated twice, 
leading to the new equation 


Y"+ RY = -kRW, 0<x< 1 (2.6) 
with the boundary conditions 
Y(0) = YQ) = 0 (2.7) 
In this event (2.4) is replaced by 
Y(x) = ef G(x, £)W(&) dé (2.8) 
0 


where G(x, £) is now the Green's function associated 


with (2.6) and (2.7); thus 


sin kx sin k(1 — &) Seenee 
x 3 
k sin k 
G(x, §) = (2.9) 
| sin k(1 — x) sin Ré rrr 
x 
k sin k ns 


(3) Some of the statistical consequences of a relation 
such as (2.8) between random function have been dis- 
cussed elsewhere (see references 1 or 6, for example); 
it can be shown, for instance that the operation of tak- 
ing the mean** can be commuted with the Green’s func- 
tion integral, so that 

1 
E[Y(x)| = ef G(x, £)E[W(&) | dé (3.1) 
0 
Thus the mean of Y(x) can be computed whenever the 
mean of W(é) is given. In particular, if W(é) is dis- 
tributed symmetrically about zero for all & then 
E|W(é) | = 0, and hence E[Y(x)] = 0 for all x. 

Determination of the variance of Y(x) requires a con- 

sideration of Y?(x), which may be written 


1 1 
Y°(x) = k4 f f G(x, £)G(x, n)W(é)W(n)dédn (3.2) 
0/0 


** The necessary statistical terms are defined in the Appendix. 
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Fic. 1. Simply supported column with random initial configura- 
tion subject to axial load P, 

Hence 

E[¥°Xx)] = 


1 1 
a f f G(x, &)G(x, n)E[W(E)W(m) |dédn (3.3) 
0 0 


Use of Eqs. (A.5) and (A.9) yields 


D2[¥(x)] = 


1 1 
ef f G(x, £)G(x, »)p(é, n){ D2(W(é)] X 
0 0 


D?(W(n) ||’? d&dn (3.4) 


When £[Y(x)| = 0, then D?[Y(x)] = E[Y?*(x)]. Eq. 
(3.4) can be substantially simplified provided W/(é) 
is assumed to be a stationary function. In this case 
the statistical parameters of W are independent of the 
space variable; that is, 


independent of £ or n. Moreover, p(é, 7) is not a func- 


tion of € and » separately, but only of their difference, 
p = pl(E — n). 


D?{Y(x)] = 


1 1 
eat f Go, £)G(x, n)p(E — n)dtdn (3.5) 
0 J0 


In principle, the distribution function for V(x) could 
* 


Under this assumption 


be obtained as a series* involving statistical moments 
of all orders for Y(x), which in turn would require the 
computation of E{¥"(x«)] for all values of n. 
tice this does not appear feasible. 

However, if V(x) is a normal variable, then its dis- 


In prac- 


tribution function depends only on the mean and 
variance; these quantities are more amenable to calcu- 
lation than the higher moments. In general the nor- 
mality of V(x) cannot be established conclusively, but 
the integral representation of Y(x) can of course be re- 
placed by a finite sum, 


WU 
V(x) = > G(x, &)W(E) Ag; 
i=1 
each of whose terms makes a negligible contribution. 
Since the individual terms are not independent, the 
central limit theorem cannot in general be applied di- 
rectly, but it nonetheless suggests that Y(x«) is approxi- 
mately normal, provided that the values of W(é,) are 
only weakly dependent in some sense. At least, this 
assumption can serve as a basis for further work. 
(4) Now consider again (2.8) and (2.9) describing 
the behavior of an initially curved simply supported 


* See reference 2. p. 177. 
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column. Assume that W(é) is a stationary function, 


so that E[W(é)] = 0 and D?[W(é)| = uw? independent 
of & Thus E[Y(x)] = 0 also, but some further hy- 
pothesis concerning p( — 7) is necessary in order to 


compute D*[Y(x«)|. The correlation function is unity 
when £ = 7 and presumably decreases in absolute value, 
not necessarily monotonically, as |y — &| increases. 
Experience in other areas** suggests the use of a damped 
oscillatory function such as 

cee: A or e %"—§ cos B(n — &) 

a(n — §) 

Neither of these choices permits the evaluation of (3.5) 
in closed form. However, an approximate value of 
D*(Y(x)]| can be obtained by assuming p(~ — 7) to be 
a step function approximating either of these func- 
tions. For instance, the calculations below are based 


on such an approximation to [sin a(n — &)|/a(n — &). 
First note that the zeros of this function are y — & = 
Reon = LY 2, sx The region of integration 


in (3.5) is the square with corners at (0,0), (1,0), (1,1), 
(0,1) in the &y-plane. This region is divided into 


diagonal strips by the lines » — & = mz/a. In each 
strip [sin a(y — £)]|/a(n — &) is of the same sign; 
p(£ — n) is defined so as to be constant in each strip as 


follows: 
p—~—n)=m=1, |n-—&|< 2/a 
p(—E — ) = py = (—1)"*'/(2n — 1)(x/2), 
(n — 1)r/a< |ln—£E|< nw/a, n>2 (4.1) 
These definitions stem from assigning to p( — 7) the 
value assumed by [sin a(n — £)|/a(n — ) on the center- 


line of the strip in question. The evaluation of (3.5) 
can now be accomplished in terms of the integral 


I(x) = 
1 1 
byt f { G(x, E)G(x, n)p*(—E — n)dtdn (4.2) 
0 0 


_ ft, |n- 


h 
where p*(é — n) = () 


eae 
in —&| >h 


For the midpoint (x = 1/2) it turns out that 
1 — cos (k/2) |? 
I,(1/2) = | . —1,* (44) 
cos? (k/2) 
where 
sin? (k/2) k 3 


j 5) 
oe ) a ‘ 
I,* = 2 sin?k 4 cos 3 + 5 cos kh + 


] k l 
cos k (1 — h) + 1+ cos = cos Rk € = i) = 


1 l 
5 kh sin k(l1 —h) —k (; = D sin ent, 
O0O<h< 1/2 (4.5) 


** See reference 3. 
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Fic. 2. Plot of k,.,, the critical load parameter, versus a, the 
correlation parameter. 


sin? (k/2) | l ; 
g = +1—-k(1 —h) sin k(1 — hk) - 
sin” k z 


| 


») 


cos k(1 — ht, <h<1 (4.6) 
I,(x) can be evaluated for other values of x, but the 
resulting expressions are even more bulky. If now 
h, = nr/aand p(é — n) is defined by (4.1), then 


D*[Y¥(x)] = In(%) + penx) — In(x)] +... + 
Pn WLnn(x) — Te ale) = i a (4.7) 


A finite sum of this form will suffice to cover the region 
of integration. If x = 1/2, then (4.4)—(4.6) are used. 

Of primary interest is the relation between the 
applied load and the midspan displacement. In par- 
ticular, the following two questions naturally arise. 

(1) For what ranges of loading is the scatter in the 
additional displacement respectively less and greater 
than that in the initial displacement? 

(2) For a given load, what is the probability that 
the absolute value of the midspan displacement lies 
between given bounds? Or, conversely, given the 
absolute midspan displacement, what is the probability 
that the load required to produce it lies between given 
bounds? 

The first question can be answered as follows. For 
small loads the resulting displacements will also be 
small, and so will their dispersion; on the other hand, 
for loads near the Euler load the opposite will be the 
case. The boundary between the two ranges is best 
defined as that load for which 
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BUCKLING 


D?|Y(x)| = D?[W(x)] (4.8) 


although measures of dispersion other than the vari- 
ance are possible, they are not so convenient. Once 
the integral in (3.5) is known as a function of k, this 
is trivially determined. It of course 


1/2 the variation of k., 


critical load 
depends on a and x; for x = 
with a is shown in Fig. 2. 

This information can also be used for the purpose of 
ascertaining reasonable values of a by comparing the 
critical load with that obtained in some simpler cases. 


For example, if 
W(x) = A sin rx 
where A is a random variable, then 


V(x) = [k?/(9? — Rk?) |W(x) 


Thus D?[Y(1/2)] = D?[W(1/2)] when kt = (2? — R?)?, 
which leads to k,, = m/4/2 = 2.22. 
Likewise, assuming W(x) = Ax(1 — x), one is ‘ed to 
y ,? ji — cose, b 
(xX) = 4 : : COS RX — 
2 | sink 
b as — ‘ —_ Dar 
k sin kx 5 (1 2x) ¢ 
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and eventually to k,, ~ 2.205. It is clear from Fig. 2 
that similar values of k,, are obtained in the general case 
fora = 10. 

Reduction of the original displacement W(x) to a 
one-parameter family involves considerable restriction 
on the behavior of the column, since then its configura- 
tion is completely determined by a single value; in 
other words, its displacement might be said to be 
“completely dependent.’’ Ordinarily, this would not 
seem to be a reasonable assumption, and hence the 
conclusion that such small values of a do not accu- 
rately reflect the physical situation 

The second question is more difficult; the following 
remarks are based on the assumption that Y(1/2) is 
normally distributed. For any other given distribu- 
tion, however, the same lines could be followed. In 
the first place, although Y(1/2) is a normal random 
variable, | Y(1/2) Letting 0? = D?[Y(1/2)] 
denote the variance of Y(1/2), it readily follows that 


is not. 
m' = E[|Y(1/2) |] = 


| 9 f : — 19 
= te~*/*"" dt = 4/2 Q) 
‘ y ~ Jo ( \ - ao (4.9) 


and 





Plot of absolute midspan displacement lY G)| versus load parameter 
The dashed curve represents the mean value of 
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o” = D*[|¥(1/2)|] = 


E[Y?(1/2)] — (m’)? = [1 — (2/m)]o? (4.10) 
It is clear that 
Prim' < |Y| < m' + Bo} = 
Pri V < m' + Bo} — Pri V<m'} + 
Pri V < —m’'| — Pri VY < —m' — Bo} (4.11) 
2 or" 
Letting A(x) = mF f e* du* (4.12) 
and if a > O, then 
Pri ¥ <a} = (1/2)[1 + Ha/V20)] P 
Pri V < —a}f = (1/2)11 — Ha V2 a) | a 
Thus (4.11) becomes 
Prim’ < |¥| < m'+ Bo} 
l B l 
u(t yo) (7_) 419 


Similarly, 


< m'} 


I 


Pr\m' — Bo< | Y 


n(Y,)- 


l B [2 : 
(2 - vr) B< .: (4.15) 


The information implicit in (4.14) and (4.15) can be 
presented graphically in the following manner. First 
m’ is plotted against k, showing the relation between 
the mean or expected value of the absolute midspan 
displacement and the load. Next a small parameter 
6 is chosen and 8 is computed so that 


aa ae 


Using this value of 8, the quantity m’ + Bo is then 
plotted against k. These two curves have the property 
that for a given value of the load parameter k, there 
is a probability of 6 that the value of the absolute mid- 
span displacement |V(1/2)| lies between them. 
Alternatively, given |(Y(1 2)| the probability that 
k lies between the curves is also 6. Proceeding in the 
same way, aS many curves of this family as are re- 
quired can be drawn. Fig. 3 is typical of the end re- 
sult, and was constructed using the correlation function 
defined in (4.1) with a = 100 and 6 = 0.1. Thus given 
either k or | Y(1/2) | there is a probability of 0.1 that 
the other lies between any two adjacent curves. By 
interpolation the answer to question (2) above is 
readily found. 

(5) This paper deals with the effect of random initial 
displacements on the load-deflection relation of an 
otherwise uniform column. 

The principal result, at least for the designer, lies in 
the possibility of arriving at estimates for the answer 


* The function H/(x) is tabulated in reference 4. 
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to the following question: given either the load or 
absolute midspan displacement, what is the probability 
that the other lies between preassigned bounds? In 
carrying out the necessary calculations, some assump- 
tions about the statistical nature of the initial displace- 
ment are required. In particular, the mean, variance, 
and correlation of that random function must be speci- 
fied, though they do not necessarily have to take the 
form used here. The assumption of stationarity made 
above, while reasonable in many cases, is not essential to 
the argument, and can be dropped at the cost of more 
extended computations. 

It is clear that the method outlined here is applicable 
to a much wider class of obvious 
generalization is to columns with other end conditions. 
Such problems will require considerably more elaborate 
computations since the Green’s functions are then 


problems. An 


much more complicated. 

More important is the observation that the results 
of Section 3 are valid for any boundary-value problem, 
whether in ordinary or partial differential equations, 
whose solution can be represented by a Green’s func- 
tion integral. Thus, results qualitatively similar to 
those in Section 4 can be achieved, at least in principle, 
for any such problem. Indeed, the general ideas in- 
volved may be used in any situation where one random 
function depends on another by means of an appropriate 


integral. 


Appendix 


A random variable ¢ is characterized by its dis- 
tribution function F(t) or its frequency function 
F’(t). These are defined so that F(t) is the 
probability that ¢@ < ¢, i.e., 

rl 
Prig < it} = F(t) = | fiddr (AD) 
This and all similar integrals appearing later are to be 
considered in the Lebesgue-Stieltjes sense. 
The mean or expected value of ¢ is defined by 


m = E(¢) -{ TdF (7) = f th(r) dr (A.2) 


It can easily be shown that 


E(o: +... + on) = E(gfi) +... + Elda) 
(A.3) 
and that, if cis a constant, 
E(co) = cE(¢) (A.4) 


The most important parameter measuring the dis- 
persion of a distribution is its variance, defined as 


9 


o? = D*(¢) = E[(@ — m)?| = E(¢?) — m? (A.5) 


The quantity o is called the standard deviation. If 


cis aconstant, 


(Continued on page 320) 
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Supersonic Boom of Wing-Bodv 
Configurations 


I. L. RYHMING* ano Y. A. YOLER** 


Boeing Scientific Research Laboratories 


Summary 


The supersonic boom in steady, level flight of a wing-body 
configuration is due to the effects of body volume, wing volume, 
wing incidence or lift, and wing-body interference. The con- 
tribution in the far field of each of these factors can, in any given 
azimuthal plane, be represented as that of an equivalent body 
of revolution. This concept is developed to investigate the 
possibilities of using interference among the components of a 
wing-body configuration to reduce or suppress the boom due to 
lift. Results of wind tunnel experiments are also presented and 
discussed in light of the theoretical indications. 


Symbols 

A = aspect ratio 

B boom intensity on the ground 

C = chord length (ft.) 

Ci = lift coefficient 

Cp = drag coefficient 

d = body diameter (ft.) 

E elliptic integral of the second kind 
F function defined by Eq. (2) 

R = reflection factor 

f = volume shape-factor 

fy = lift shape-factor 

fi = QU4,/(+ + 1)12 

H = Heaviside step funciion 

h = flight altitude (ft.) 

i = lift per unit axial foot of aircraft (lbs./ft.) 
M = free-stream Mach number 

N = nose length (ft.) 

p = pressure (Ibs./ft.?) 

g = dynamic pressure (yp../2)/? (lbs. /ft.?) 
r = radial coordinate measured from the body axis (ft.) 
R = radius of the body (ft.) 

S = cross-sectional area (ft.?) 

t = wing thickness (ft.) 

W = total weight of aircraft (lbs.) 
x,y, = axial coordinates (ft.) 

a = angle of attack (radians) 

B = (M? — 1)! 

1 = ratio of specific heats 

\ = length of aircraft (ft.) 
6 = meridian plane 

a = shock intensity (p — po)/P« 


(I) General Considerations 


, I {HE THEORETICAL METHODS for the determination 
of the pressure fields due to volume at large dis- 
tances from three-dimensional bodies were developed 


Annual 
and re- 


IAS 28th 
Revised 


Presented at the Aerodynamics Session, 
Meeting, New York, January 25-27, 1960. 
ceived April 30, 1960. 

* Staff Member, Flight Sciences Laboratory. 
Convair, San Diego. 

** Head, Flight Sciences Laboratory. 


Presently at 


by Whitam.! * 
tion, the intensity of the bow shock is given by the 


For a pointed, slender body of revolu- 


familiar formula 


A Ly f( )B! 4 y 1/2 
o = Pal ¥ | f F(y) ay | (1) 
p init J0 ; 


where f(y) = 2"/4y/(v¥ + 1)", 10 > 
zero} of the F-function given by 


] y  S§"(n) 
J = dn [F(y) = 0; 
2r 0 Vy —. 


r is the radial distance from the axis, y is the character- 
istic variablet y = x — @r, and S is the cross-sectional 


0) is a certain 


F(y) = y<0O] (2) 


9 


area of the body S = rR’. 

Whitham showed further that, for three-dimensional 
bodies, the intensity of the bow shock due to volume 
is dependent on both the radial distance 7 and the me- 
ridian plane 6, but that in any meridian plane @ the pres- 
sure field can be interpreted as being due to a certain 
body of revolution. This principle was demonstrated 
by Walkden*® to be valid for complete aircraft con- 
figurations including the effects of body volume, wing 
volume, incidence, and wing-body interference—namely, 
in any meridian plane @ it is possible to define a 
body of revolution which, in the far field, has a pressure 
signature identical to that of the actual aircraft in 
that direction. 

With respect to the effects of volume, the intensity 
of the boom in the far field of a body of length A and 
maximum equivalent body diameter d,, may be ex- 
pressed in the form 


AP og/ Pret. _ 
f Srifl(y)/V 3) (6"4d.,(0)/A" 4734] (3) 


where Ap,,, is the pressure jump across the nose shock 
and its reflection on the ground. The reflection factor 
fe is equal to unity across the incident shock. It is 
very close to two for a shock reflected by a smooth, 
level plane and somewhat less than two for reflections 
The refer- 


B, = 


over rough terrain or on inclined surfaces. 
ence pressure P,.¢, is equal to the free-stream pressure 
p. in a homogeneous, isothermal atmosphere, but is 
modified by the pressure and temperature gradients in a 
nonhomogeneous atmosphere.’ The approximate ex- 


7 The determination of the proper yy is discussed in the next 


section. 
t This representation of the characteristic variable is a first- 
order approximation which is satisfactory in the vicinity of the 


body. 
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ALTITUDE (IN 1000 FT.) 
Fre. 1. 
pression Prt, = V p Pa, where pg is the atmospheric 


pressure at the ground level and p.. the free-stream 
pressure at the flight altitude, is satisfactory for engi- 
neering purposes for flight in the troposphere.‘ To this 
approximation, the relation between 1 and Ap is given 


by 
Ap = p¢B exp (—h/46,000) (4) 


where / is the altitude of flight with respect to the 
ground, in feet. 

Although, according to (1) and (2), the boom due to 
volume is, in principle, dependent on the geometry of 
the body (i.e., on the distribution of cross-sectional 
area in the axial direction) it has been known that /,, the 
volume shape-factor, is approximately equal to unity 
and highly insensitive to the body geometry once the 
maximum diameter of the equivalent body of revolution 
due to volume and its length are given.* ® 

The determination of the boom due to lift is par- 
ticularly simple in the case of a flat triangular wing 
with subsonic leading edges.* The equivalent body of 
revolution due to lift* in this case is a cone of length C 
equal to the maximum chord and with semiapex angle 
given by® 


6c, = (1/4) V 08/E(R) (5) 


where «1 is the aspect ratio, a the angle of attack, 
E(k) the elliptic integral of the second kind with 
modulus k = V1 — (64/4)?. 

In the more general case* the derivative with respect 
to the axial coordinate x of the cross-sectional area of 
the equivalent body of revolution due to lift, S-,, is 
related to the lift distribution L(x) per foot of axial 
length of aircraft in the following form: 


Se,’ = BL/2q (6) 


where g = (yp../2)./* is the dynamic pressure. 
Integration of Eq. (6) with respect to the axial co- 
ordinate gives the maximum diameter of the equivalent 


* The boom due to lift is a maximum under the wing in the 
plane of the lift vector and the free-stream velocity vector (@ = 
All equations related to lift in this paper refer to the 


boom in this plane. 


—1/2). 
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body of revolution due to lift as 


28 x 1/2 
di, = | I L(x) ax | 
7q 0 


where xy is a certain zero of the lift distribution Z and is 
determined by the same rules which apply to the deter- 
mination of yp corresponding to the proper zero of the 


F-function in the volume case. In particular, if 
L 2 (everywhere, then 
2W "2 2VW Bi? 7 
d, _ = ; (é) 
Td Varyp. VM 


where IV is the total weight of the aircraft. In this 
case the distribution of lift does not influence the maxi- 
mum diameter of the equivalent body of revolution 
due to lift but can be accounted for by a 
factor’ as in the volume case. 

Although the boom due to lift is thus dependent on 
the distribution of lift in the axial direction, or on the 
distribution of the cross-sectional area of the equiva- 


“shape 


lent body of revolution, in view of the remarks made 
previously with respect to the boom due to volume it 
is reasonable to expect that the boom due to lift 
should be relatively insensitive to the distribution of 
lift over the wing once its length and total lift have 
been specified. These conclusions appear to be sub- 
stantially correct and, by substituting Eq. (7) for the 
diameter in Eq. (3) and using a shape factor due to 
lift, the boom due to lift can be expressed as 

2fifef(y) B74 W'? 

BB; = ——— > (S) 

V3nyp. M Cilia! 
The difference in the Mach number dependence of the 
boom due to lift and due to volume may be noted. The 
lift shape-factor f/f, is equal to one for the triangular 
wing with subsonic leading edges, and is insensitive 
to other distributions of lift. 

It follows from the principle of equivalence that the 
total boom of a configuration of given boom due to 
volume 8, and boom due to lift B; is at most roughly 
of the order of 





Bar = (B,? + B,?)!? (9) 
67 
W=325,000 Ibs. A=2.30 BODY LENGTH=I50FT 
5] We 50 Ib/tt? M=3.0 TRIANGULAR WING 
™ dey = 20 ft 
4} 
Bx1o> 34 
2+ 
| 
If 
o+ —_—_}——— ——E 4 
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SUPERSONIC BOOM 


It may be noted that, in general, for operation at the 
lower altitudes of relatively small aircraft the boom 
due to volume makes the major contribution to the total 
boom. Because of this fact, coupled with the simplicity 
of the equation predicting the boom due to volume, it 
has become common practice to represent aircraft 
by a nose shape* and to correlate the supersonic boom 
of aircraft by equations related to the volume effect.’ 
That this is justified is evident from Fig. 1 which shows 
the boom of an aircraft possessing roughly the char- 
acteristics of those reported in reference 9. For alti- 
tudes below 45,000 ft., at which the passes were made, 
the boom due to volume makes the major contribution 
to the total boom.* 

It can be seen from Eq. (7), however, that for large 
aircraft operating at higher altitudes, the diameter of 
the equivalent body due to lift may become much 
larger than that due to volume. Even for the super- 
sonic transport type of aircraft of relatively low slender- 
ness ratio and wing loading considered in Fig. 2, the 
boom due to lift is seen to make the major contribu- 
tion to the total boom for altitudes above roughly 50,000 
ft 

These considerations have prompted the present 
study of the boom due to lift of aircraft. Although such 
unconventional techniques as thrust vectoring (partial 
or total support of the aircraft by propulsive thrust) 
may be effective in this connection, the present study 
is limited to a consideration of the possibilities of inter- 
ference to reduce the boom due to lift. The underlying 
principle is that if the effect in the far field in any direc- 
tion of a lifting wing-body combination can be ex- 
pressed as that of an equivalent body of revolution, 
the problem of minimizing the boom of an aircraft of 
given length consists essentially of minimizing the 
diameter of the equivalent body of revolution. 

It follows that, for a given body diameter fixed by 
operational considerations, the maximum diameter 
of the equivalent body of revolution of the lifting 
wing-body configuration can be no smaller than the 
maximum diameter of the equivalent body due to 
volume of the aircraft. From Eq. (7), the condition 
d, d,, is expressed by 


. (2) , aw W B! . 
a. 2 = - (10) 
7q V ryp M 


{f this inequality is satisfied, the boom due to lift can, 
in principle, be made to contribute nothing in addition 
to the boom due to volume. This concept is developed 
further in the next section. 


(II) Theoretical Considerations 


We introduce a cylindrical coordinate system x, 
r,@. The x-axis is in the streamwise direction and the 


* Note that for purposes of comparison the boom defined as 
Ap/Pret., rather than the pressure jump Aj, is plotted in Figs. 
land2. Thus, although B,; is increasing with flight altitude, the 
shock intensity on the ground decreases with altitude by virtue 
of Eq. (4). 


ww 
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origin is placed at the intersection of the wing leading 
edge and the x-axis in the plane of symmetry of the 
airplane (see Fig. 3). 

The asymptotic value of the bow shock strength for 
the airplane configuration as 7 > © is’ 


, = 2 
a t = 91 ty (4 + 1) 1/231 \y a4 XK 


P 
*y 1/2 
| F(y; 0) ay | (11) 


If it is assumed that the equivalent bodies of revolution 
for wing thickness and wing lift are centered on the 
y-axis, the function F(y; @) has the following form: 


; =. S"(n) 
2nF(y; 0) = H(y + N) ie - 
J-NVy-— 7 
"y= S,"(n) ~y So" (n) 
HT(y) | = : dn + H(y) | = ” dn — 
J 0 Vy-—n JO Vy-7 

; ~y =§3"(n) 

[T(y) (1/2)8 sin @ 7 dn (12) 
Jo = 2 


The variable y appearing in the above formulas is 
a function of x and ry and describes the characteristics 
in a plane 6 constant. The four integrals in 
Eq. (12) give the contribution to F(y; 6) of body 
volume, wing-body interference, wing volume, and 
wing lift, respectively. S(y) is defined as_ the 
body cross-sectional area 7R*(y), where R(y) is the 
Si(y) is defined as the cross-sectional 
area of a certain revolution which ac- 
counts for the interference effects. Also S,‘(y) 
—4R(y)t'(y), where ¢(y) is the wing thickness in the 
central section of the symmetrical wing.’ S»o(y) = 
mR»*(y) is the cross-sectional area of the equivalent 
body of revolution for wing volume, and S;(y) = 7R3°(y) 


body radius. 
body of 


is the cross-sectional area of the equivalent body of 
revolution for wing lift. /7 is the Heaviside step 
function taking into account the proper location of the 
body nose (y = —N\) and the intersection of the wing 
leading edge with the x-axis at y = 0). 

The upper limit yo in the integral in Eq. (11) is de- 
fined as the first zero of the F-function apart from 


y = O itself. However, if the F-function exhibits 


+ For the determination of S2(y) and S;(y), see reference 3. 
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several zeros, the proper y) value must be chosen as 
follows:' Suppose that the F-curve is of the form 
shown in Fig. 4, and consider the two expansive zeros 
If the area B is greater than the area A, the 
Otherwise, yo is the 


Yo and Yop. 
upper limit in Eq. (11) is 0. 
proper limit. 

In Eqs. (11) and (12) no discontinuities in the S-func- 
tion or its first or second derivatives are allowed. 
However, in the following we wish to consider wing- 
body configurations which may possess discontinuities 
in the first or second derivatives of their cross-sectional 
area distributions. As shown by Whitham,' the 
Riemann integral of the type 


l » S§"(n) 
; dy (13) 
2r Jo Vy — 4 _— 


is then to be replaced by the Stieltjes integral : 


= 


2 je ,— 1S’ (n) 
F(y) =f | h (2 ") (14) 


where h[(y — 7)/8R(m)] is a function defined in refer- 
ence 1. Therefore, whenever an S-function occurs in 
Eq. (12) which has discontinuities in the first or second 
derivatives, the integrals of the type given by Eq. 
(13) will be replaced by Eq. (14). 

For a conventional lifting configuration, the F-curve 
for 6 = —7/2, which is the case we wish to treat in this 
paper, will have a form shown in Fig. 4. Generally, 
if the wing apex is upstream of yo, the area A will be 
small or can even be made to disappear. Therefore, 
the integral over the F-function will take on a fairly 
large value compared to that for the isolated body, 
even for small angles of attack. 

In order to make the area under the F-curve as small 
as possible for a wing-body combination given the 
body, wing plan form, and wing thickness distribution, 
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we can first conclude that the wing apex should be so 
placed relative to yy, of the body F-curve that the area 
A will be as large as possible. That is, we shall allow 
the aerodynamic interference effects between the body 
and the wing to act in a most favorable way. Once 
the form of the aircraft components are known, this 
can best be studied by means of the F-curves of the 
components, because the individual F-curves describe 
the flow pattern of each component. In this way, 
the most favorable location of the wing apex relative 
to the body can be determined. However, by modi- 
fying the area distribution of the body along the wing- 
body juncture, a considerable reduction of the F-curve 
area, and hence the boom intensity, can be obtained. 
Consider a wing-body combination in which the body 
consists of a nose section in the interval —N < y < 0) 
and a cylindrical section for y > 0. For simplicity, 
we suppose that the nose cross-sectional area S(y) is a 
continuous function with continuous first and second 
derivatives. We also impose these conditions on 5S), 
S», and S;. Since S”(0) = 0 for y> 0, the first integral 
in Eq. (12) has the following form for this combination: 


y S”(n) : ; 
, dn for —N< y< 0 (15) 
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ts S"(n) 
| dy for y> 0 (16) 


\ Vy aie 


The F-curve for the body has only one zero at yo, and 
may have a form like that shown in Fig. 5. Now, by 
adding the F-curves for the wing thickness, wing lift, 
and wing-body interference starting at y = 0), we will 
have a situation very much like that shown in Fig. 4. 
However, suppose that we replace the cylindrical 
portion of the body by an indented section S*(y) for 
y> 0. By virtue of Eq. (16) for @ = —7/2, Eq. (12) 
has the form 


. T 0 S”(n) 
2rF | y; — 3 f a dn + 
“ \ y =) 
y S*"(y) *y — S1"(n) 
[ om... dn — } = : dn + 
J0 Vy — J0 Vy — 


wy Se " ( ) y S. ” ( ) if 
| : dn + (1/2)8 f : dy (17) 
oVy-*yF 0 Vy — 


If, for a given Mach number and angle of attack, the 
function S*(y) is chosen so that the F-curve for the 


combination for y > 0 reduces to 


; F( *) f S”(n) F 
our 4 9; > = = ; an (18) 
2 — A Vy — n 


(that is, if it has the same form as for the isolated body 
itself), then the area B does not appear at all. There- 
fore, in such a case the boom of the configuration is 
determined only by the nose geometry of the configura- 
tion. In order to achieve this result, the function 
S*(y) has to be chosen so that: 


S*’(y) — Si”(y) + Seo”(v) + (1/2)8S3"(y) = 0 (19) 
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Integrating Eq. (19) once gives 


S*’(y) — Si’(y) + Se’(y) + (1/2)8S3’(y) = 0 (20) 


since for y = 0, S*’(0) = S,’(0) S2'(0) S3'(0) 
Q. Introducing 
S*(y) = rR**(y) Si’(y) = —4R*(y)t'(y) 
So(y) = wR»*(y) S3(y) = wR;7(y) 


we arrive at the following equation for the unknown 
function R*(y): 


R*(y)(R*’(y) + (2/m)t'(y)] + 
R2(y)Re'(v) + (1/2)8R3(y)R3’(v) = 0 (21) 


This is a so-called Abel differential equation of the 
second kind, the solution of which, in general, is not 
known in closed form.* However, for thin wings the 
function ¢’(y) is nowhere large, and a first approxima- 
tion to the solution of Eq. (21) for ¢t’(y) = 0 can be 
written down immediately : 


R**(y) + Ry) + (1/2)8 Rs*(y) 


constant 


For y = 0, R**(0) = R,?, say, and R,(0) R:(0) = 


0. Therefore** 
R**(y) = Ro? — Ro2(y) — (1/2)BRs*(y) (22) 


Eq. (22) can be used as a first approximation in an 
iterative solution of Eq. (21). In order to get a phys- 
ically valid solution, it is necessary that R*(y) > 0. 
This leads to limitations on wing plan form, wing thick- 
ness distribution, and angle of attack. For a thin 
wing, an approximate expression for the maximum 


* See, for example, reference 10, p. 26. 
** Note that Eq. (22) contains the Area Rule. 
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through A. 


lift coefficient to suppress the boom due to lift is readily 
derived from Eq. (22) by setting R*(C) = Vand R2(y) = 
0), and is given by 


bo 


Cr. < (24/BA)(d,,/C)? (2: 


“max 


The condition (10) is readily derived from Eq. (23) 
(see reference 6). 


(III) Experimental Investigations 


To obtain experimental evidence of the effect of 
interference with respect to the boom due to lift in the 
far field, a series of experiments were performed with 
triangular wing-body configurations in the Boeing + X 
4 ft. supersonic blowdown wind tunnel. A schematic 
layout of the tests is shown in Fig. 6. The static 
pressure field of the model was measured, by a bank 
of manometers, on a smooth flat plate close to one of 
the tunnel walls. The runs were made at Mach num- 


bers of 1.41 and 2.00. 


Wing-Body Configurations 

The wing-body configurations consisted of a conical 
nose of fineness ratio equal to 5.0, a cylindrical or an 
indented body, and a triangular wing sweptback at 
65 degrees (Fig. 7). The aspect ratio of the wing 
was 1.87, and the symmetrical double-wedge section 
was 3 per cent thick. The models were supported by 
stings whose diameters were tapered gently from the 
base diameter of the after-body to the wind-tunnel 
model support system. The stings may be assumed 
to represent roughly the wake or the jet trailing the 
body. Tests at angle of attack were performed with 
stings which were bent to the appropriate angle. 


ACE 


SCILBoONCES—APRIL 1061 

The cylindrical body has a constant diameter equal 
to the maximum diameter of the nose. The indented 
body was designed to produce no additional boom due 
to lift up to an angle of attack of 2° at J = 1.41. The 
F-curves for the cylindrical and indented configurations 
at various angles of attack are shown in Figs. 8 and 9 
These F-curves account for the boom due to body 
volume, wing volume, wing lift, and wing-body inter- 


ference.* 


Boundary-Layer Effects 
Whereas in the actual case the pressure signature of 
the aircraft on the ground is not affected by a boundary 


* For the lifting cases, the shape of the F-curves downstream 
of the wing trailing edge is difficult to estimate owing to the 
trailing vortex system. It may be noted also that since the 
equivalent bodies of revolution due to body volume and wing 
volume exhibit discontinuities in S’ and S”, the F-curves have 


been calculated using Eq. (14) instead of Eq. (13). 
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layer on the ground, the pressure distribution on the 
plate in the wind tunnel is influenced by the boundary 
layer. Investigations on pressures due to shock wave— 
boundary layer interactions are to be found in the litera- 
ture'’ in cases where the inviscid pressure upstream 
In the 
present case, however, the inviscid pressure behind the 


and downstream of the shock wave is constant. 


shock wave has a strong gradient, and the amplitude of 
the N-wave may be modified by the boundary layer. 

To identify the effect of the boundary layer on the 
inviscid pressure distributions in the present experi- 
ments, two devices were employed. First, from Figs. 
S and 9 it is evident that for the cylindrical body at 
a = 0 and for the indented body at a = 0°, 2°, the 
strength of the bow shock should be determined by 
the conical nose. Hence the pressure distribution of 
the wing-body configurations were compared to that 
of a cone-cylinder body of revolution which had the 
same nose length and maximum diameter as those of 
the wing-body configurations and was tested at the 
sane positions above the plate. Secondly, the inter- 
section point of the bow shock and the first character- 
istic of the expansion fan from the shoulder of the 
cone-cylinder was determined by a numerical and 
graphical process from Kopal’s tables,'! and the in- 
viscid pressure rise on the plate was calculated at that 
point. The calculated pressure difference was com- 
pared to that measured in the tunnel for the same 
height of the body above the plate (Fig. 10). 


(V) Results and Discussion 


The results of the investigation on boundary-layer 
efiects are shown in Fig. 10. The amplitude of the 
bow wave is rounded out and reduced by the boundary 
layer. The reduction (which should depend on the 
Reynolds number) does not appear to be large (roughly 
10 per cent) under the conditions of the present experi- 
ments and is not significantly greater than the range of 
experimental inaccuracy. The sharp profile of the 
jump, on the other hand, is smeared by the boundary 
layer. 

Representative results of wind tunnel measurements 
of the pressure signatures of cylindrical and indented 
body-wing configurations and of a cone-cylinder body 
of revolution at 17 = 1.41 and M = 2.00 at a radial 
distance equal to eleven nose lengths are presented in 
Figs. 1l and 12.* The accuracy of measurements made 
at much larger distances (with much smaller models) 
were not satisfactory with the particular wind tunnel 
facility and instrumentation used. Hence, although at 
distances of the order of eleven nose lengths the pres- 
sure distribution is not representative of the ‘‘far field,”’ 
salient features of the effects of interference and body 
indentation on the boom due to lift are nevertheless 
brought out. 

From Fig. 11(a), the rise to prominence of the pres- 
sure peak due to lift with increasing angle of attack 

* Additional measurements have been reported in references 


6 and 7. 
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Fic. 12(a), left; (b), right. The pressure signatures at 11 
nose lengths of the cylindrical and indented body-wing con 
figurations compared with that of a cone-cylinder at a = 0°, M 


is evident. In fact, it is seen from Fig. 11(b) that the 
effect of the indentation at high angles of attack, in 
cases where the boom due to lift dominates over that 
due to volume, is negligible as expected. The pressure 
field due to lift is already reinforcing the pressure field of 
the nose, resulting in an initial peak which is substan- 
tially greater than the peak pressure for the cone-cylin- 
der body of revolution which has the same equivalent 
diameter due to volume. 

The effect of interference becomes more apparent at 
the design Mach number and near the design angle of 
attack of 2° [Fig. 12(a)] at which the boom due to lift 
should, theoretically, be suppressed completely. The 
pressure pulse due to lift is seen to be substantially 
smaller for the indented body, and the reinforcement 
in the far field of the first peak by the second should 
similarly be of lesser consequence. At zero angle of 
attack the indented body, designed to compensate for 
the pressure rise due to both wing volume and lift up 
to 2° angle of attack, should overcompensate the pres- 
sure pulse due to wing volume alone. That this is so 
is shown in Fig. 12(b) in which the indented body has 
a larger negative pulse than the cone-cylinder body 
of revolution, while the cylindrical body-wing at zero 
angle of attack has a positive pulse due to wing volume 
The pressure pulse due to lift in Fig. 12(a) of the in- 
dented body-wing at 2.58° angle of attack is no larger 
than the peak due to wing volume in Fig. 12(b) of the 
cylindrical body-wing at a = 0 which, according to the 
F-curve given in Fig. 8, should not contribute signifi- 
cantly to the boom due to the nose volume in the far 


field. 


(VI) Conclusions 


The representation of the components of lifting wing- 
body configurations contributing to the boom in the far 
field by equivalent bodies of revolution offers a simple 
concept whereby the possibilities of utilizing inter- 
ference in suppressing the boom of wing-body combina- 
tions can be evaluated. For large, slender aircraft 
operating at high altitudes, the boom due to lift as- 
sumes importance. The boom due to lift can be sup- 
pressed by aerodynamic interference so long as the boom 
due to lift alone is of the order of the boom due to vol- 
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ume of the body. When the boom due to lift is much 
larger than the boom due to volume, interference be- 
comes ineffective. These conclusions are substan- 
tiated by wind tunnel experiments with wing-body 
configurations. 
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D*(co) = c?D*(¢) (A.6) 
Me 5353 ¢, are independent random variables, i.e., 
if 
E(¢i;) = E(¢) E(¢;) (A.7) 
then 


D*(gi1 +... + on) = D*(Gi) +... + D*(@,) (A.8) 
For random variables which are not independent, 


E(¢¢;) = E(oi)E(o)) + 
p(i, j)} D*(¢,)D2(o;)} 2 (A.9) 


where p(i, 7) is the correlation function. A conse- 
quence of this definition is that |p| < 1. 

Many distributions are in common use. Of par- 
ticular interest is the normal distribution defined by 
its frequency function 

f(t) = (1/0+/2e je % ~ 7" (A.10) 
One important property of a normally distributed 
random variable is that its distribution is completely 
determined by only two parameters, the mean and 
variance. Another source of the importance of this 
distribution is the central limit theorem, which states, 


roughly speaking, that a random variable which is 
defined as a sum of many terms, all independent and 
each negligibly small, is in the limit normally dis- 
tributed. 

Several excellent books, for example those by Feller® 
and Cramér? among others, provide more extended 
discussions of these concepts. 
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On the Aerodynamic Noise of a Turbulent Jet' 


SIN-I CHENG* 


Princeton University and General Applied Science Laboratories, Inc. 


Summary 


\ new model is advanced for analyzing the broad-spectrum 
noise of a turbulent jet. The shear layer bounding the turbulent 
jet is assumed to play an important role in modifying the ‘‘quad- 
rupole sound radiation” from the interior. To the sound-emit- 
ting, small-scale turbulent eddies (with frequencies much higher 
than those of large-scale eddies), the laminar shear layer has an 
irregular contour, as if the large-scale turbulent motions were 
frozen. The linearized analysis is then applied to the laminar 
shear layer to relate the acoustic oscillations across it. 

The concept of geometrical acoustics is generalized to represent 
the passage of an acoustic ray through a laminar shear layer 
\coustic rays may be traced across the shear layer as transmis 
sion and refraction, but they may also be apparently ‘‘absorbed”’ 
or “generated” by the laminarlayer. This ‘‘generation”’ is visual- 
ized as the schematic representation, within the framework of 
geometrical acoustics, of the action of the Reynolds stress in 
transferring energy from the shearing mean flow to the acoustic 
waves. Such action of the Reynolds stress can be neglected in 
ordinary acoustics when the acoustic medium is not moving at 
speeds comparable to the speed of sound in the medium. How- 
ever, this action is of crucial importance in the aerodynamic noise 
of high-speed turbulent jets where the Reynolds stress is the fun 
damental element of the radiating quadrupoles, according to 
Lighthill 

Those acoustic waves that become “‘stationary”’ with respect 
to the local mean flow somewhere in the interior of the shear layer 
are significantly modified by the viscous action through the 
critical layer. The shear layer therefore serves as a selective 
amplifier of the acoustic waves passing through it. Kinemati- 
cally, the shear layer brings about the preferred downstream 
emission. Dynamically, the shear-layer augmentation signifi- 
cantly increases the polar peak noise level. The acoustic power 
output per unit solid angle for such downstream emissions aug- 
mented by the shear layer (including the polar peak) varies as 
Uj§, as predicted by Lighthill, but without Lighthill's convective 
corrections. On the other hand, the acoustic power output per 
unit solid angle nearly normal to the jet, due to the transmitted 
downstream-propagating waves, varies roughly as U’;®. Heating 
the jet gas increases the shear-layer augmentation and may in- 
crease the polar peak noise level by several db. The silencing 
action of the edge notches and edge teeth may also be inter- 
preted as due apparently to the result of possible distortion of 


the shear-layer profiles. 


(1) Introduction to the Physical Model 


5 igen PRESENT INVESTIGATION concerns only the 
sound field in an unbounded, uniform acoustic 
medium at rest, produced by a high-speed jet in the 
absence of any resonating mechanisms; the discrete- 
frequency noise often observed in supersonic jets is not 
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considered here. Lighthill': * pointed out the quadru- 
pole nature of aerodynamic sound radiation with am- 
plitudes proportional to the square of the frequencies 
(the Stokes effect). For a turbulent jet, Lighthill 
proposed a model (Fig. 1) whereby the jet may be re- 
placed by a volume of quadrupole radiation centers, 
moving with some convective velocity in the ambient 
acoustic medium, which is assumed to be at rest every- 
where, including inside the jet. The density field in 
the acoustic medium is the integrated result of the in- 
dividual contributions from all these quadrupoles, 
which are not emitted simultaneously owing to the 
finite speed of sound propagation. With the assump- 
tion of a representative frequency proportional to the 
ratio of the characteristic velocity to the length scale 
of the turbulent jet (i.e., of the turbulence field), the 
total acoustic power output is found to be Pies ~ 
U,’. Extensive experimental tests show that this law 
is generally satisfactory. Nevertheless, Lighthill con- 
sidered it ‘‘hardest of all to explain. . . (that) the acoustic 
output varies as U,,*,”’ since the convective correction 
necessary to account for the preferred downstream 
sound emission “implies a further increase of power 
output with Mach number over and above the LU’, law” 
(reference 2, p. 5). 

It is also known that the presence of teeth or notches 
on the circumference of the solid boundary of the jet exit 
changes the noise level by several decibels.* These 
teeth modify only the shear layer of the jet. Since the 
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shear layer contributes only ‘“‘a fair portion, perhaps 
one third”’ of the total power output (reference 2, foot- 
note, p. 27), a complete elimination of the shear-layer 
contribution would lead to a reduction in the noise level 
of not more than 1.75 db. 

The concept of quadrupole radiation is based upon 
the observation that the negative of the instantaneous 
stress 


Ts; - pu v; =a (p Cz ay" p) bi; iJ _ 1,2,3 (a2) 


enters into the approximation equation for the density 
field in a uniform acoustic medium at rest as 


(02p/dt2) — ay2V2p = (02/Ox,Ox,)T;, (1.2) 


so that 0°7';;/Ox,0x; may be identified as an equivalent 
but fictitious fluctuating mass source, 0Q/0t, exciting 
the sound field. Eq. (1.2) is valid in a uniform medium 
at rest and can be corrected for the presence of a uniform 
convective velocity of the sound sources relative to the 
medium. Wherever the variations of the mean flow 
properties in the medium over a wavelength are not 
negligibly small, Eq. (1.2) may be seriously in error. 
By giving the sound-emitting quadrupoles a ‘‘predom- 
inant orientation’’ (reference 2, p. 17) in the presence 
of a large shear, one might possibly neglect some essen- 
tial feature of the shear layer. 

It is known since the time of Reynolds that in a 
layer of sheared mean flow there is an exchange of 
energy between the mean flow and the disturbance mo- 
tion. Such an energy exchange is ignored in ordinary 
acoustics (reference 4, p. 61) because in turbulent flow 
fields of low velocities the frequencies of the sound waves 
are much larger than, and not related to, the turbulent 
fluctuations. The turbulent fluctuations are essentially 
frozen during the passage of acoustic waves. Hence, the 
concept of turbulent or Reynolds stress is fortuitous, 
and the energy exchange between the turbulent fluc- 
tuations and the mean flow has little bearing on the 
sound waves of the ordinary acoustic field. The turbu- 
lence exerts only the kinematic effect of dispersion. 
For aerodynamic noise, which is emitted by the turbu- 
lent fluctuations themselves in a high-speed jet, the 
frequencies of the sound waves and of the Reynolds 
stress components must be comparable. Thus, the 
mean Reynolds stress is as significant in aerodynamic 
noise as other mean acoustic quantities such as intensi- 
ties and power output. The energy exchange between 
the mean flow and the disturbance motion is important 
in the balance of the disturbance energy, and is propor- 
tional to the temporal average of the sound-emitting 
quadrupoles. The following model is therefore pro- 
posed for analyzing the aerodynamic noise of a jet. 

The entire field is divided into three regimes: the 
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ambient air at rest, the turbulent jet core, and the 
shear layer separating the two (Fig. 1). The air flow 
in the turbulent core of the jet carries with it the sound- 
emitting quadrupole cells in the form of fine-scale 
turbulent eddies. The mean flow velocity is essen- 
tially uniform across the jet and may vary slowly in the 
direction of the flow. Throughout this region, Light- 
hill’s model with convective correction will apply if 
wave reflection from the shear layer is ignored. Acous- 
tic waves from quadrupoles throughout the turbulent 
core from upstream to downstream infinity will be inci- 
dent upon the inner boundary of the shear layer. 
These will be represented by a distribution of the quad- 
rupole cells along the boundary of the shear layer and 
the turbulent core. 

The shear layer is characterized by the rapid decrease 
of the mean flow velocity (large shear in the mean flow) 
normal to the flow direction. The kinematic and dy- 
namic behavior of acoustic waves crossing this layer is 
the essential part of the following investigation. The 
acoustic waves emerging from the shear layer into the 
ambient air may again be represented by a distribution 
of the quadrupoles along the outer boundary of the 
shear layer, consistent with Lighthill’s model without 
convective correction. The relation between the quad- 
rupole strengths distributed on the two sides of the 
shear layer is of crucial interest. 

Recent studies® ° on the structure of low-speed turbu- 
lent flows have revealed the sharp lateral transition 
from the turbulent core flow to the bounding laminar 
shear flow, although the boundary changes from time to 
time under the influence of the large-scale eddies. The 
frequency of the large-scale eddies is very low, corre- 
sponding to those waves in the pseudo-sound range, as 
was indicated in reference 7. During the passage of 
an acoustic wave through the shear layer, it is well 
justified to consider the shear-layer boundary as frozen, 
although the long-time average of the noise level taken 
in the far field is actually an average over the large- 
scale eddies. The Strouhal number of the large-scale 
eddies based upon the jet diameter and the mean flow 
velocity is less than 10~!. The successive eruptions of 
the large-scale eddies will be spaced at many times the 
jet diameter. Hence, except for the brief period at the 
peak of the occasional eruption, the shear layer is es- 
sentially a region of parallel mean flow. The linearized 
analysis for the propagation of the small disturbances 
in a parallel shear flow may then be adopted to provide 
useful information at least for the mean acoustic quan- 
tities. 

The density fluctuation p — po, the acoustic intensity 
I, and the power output P per unit solid angle at a 
point x; in the ambient air will be given by the same 
formulas as were given in reference 2: 
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where ( ) indicates the proper mean pertaining 
to the turbulent fluctuations. Here, the integrals ex- 
tend only throughout the acoustic field at rest, includ- 
ing the outer boundary of the shear layer. Since the 
integrand vanishes everywhere except on the boundary, 
where quadrupole cells are distributed, these integrals 
degenerate into surface integrals over that portion of the 
shear-layer boundary from whence the acoustic emis- 
sions travel to the point x; under consideration. The 
quadrupoles under consideration are fixed on the frozen 
boundary of the large-scale eddies, but their magnitudes 
and orientations vary with time in response to the fine- 
scale turbulent fluctuations in the interior. If the mean 
product is expressed as 


— 


/ 0? ye 4 Oo TT Y \ x , or 
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and if the correlation coefficients F;,,, are assumed to 
be geometric characteristics, the quantity of direct 
interest is the magnitude ((0*/07)7°;;) on the outer edge 
of the shear layer, which will have to be related to simi- 
lar quantities distributed over the inner boundary of the 
shear layer. The 7),;’s distributed over the inner 
boundary of the shear layer represent the resultant 
acoustic oscillations of all the quadrupoles in the turbu- 
lent jet core. They may be determined with Eqs. 
(1.3)—-(1.5), corrected for the convective motion of the 
quadrupoles in the jet core, if necessary. 

Although ((0°7/0f?)7;;,) is nonlinear in terms of the 
acoustic disturbance velocity components, it can be 
evaluated, accurate to the squared magnitude, with the 
disturbance quantities determined from the linearized 
analysis for each of the three regions—i.e., the jet core 
in uniform mean motion, the shear layer, and the air 
at rest. The possibility of resolving the acoustic dis- 
turbances into planar waves, or sound rays, propagating 
in different directions leads to the notion of geometrical 
acoustics. This possibility is well known for mediums 
at rest or in uniform motion. Insofar as the linearized 
analysis may be carried out through the shear layer, we 
would like to see first how far geometrical acoustics 
will lead us. This analysis is given in Section 2, where 
the dynamic role of the shear layer is revealed. In Sec- 
tion 3, the relation between the quadrupoles across the 
shear layer will be given. Practical implications as to 
the dimensional dependence of the outer noise field will 
then be discussed and illustrated with some interesting 
experimental results. 

It may be pertinent to repeat here that the present 
consideration is limited to the cases in which the sound 


sources are not coupled to, nor influenced by, the result- 
ing sound field. We shall consider only the aerody- 
namic noise of quadrupole nature which is of predom- 
inant importance at high jet velocities. Other noises, 
such as those induced by mass-source fluctuations, etc., 
which depend on the mean flow velocity to lower powers 
are ignored. The turbulent velocity f-uctuations of 
the gas are assumed to be small compared with the 
mean flow velocity and the mean speed of sound in the 
jet. The thickness A of the shear layer is taken to be 
much smaller than the jet diameter D and the wave- 
length A of the sound wave. Other assumptions of less 
general nature are mentioned in the text when needed. 
Finally, we are concerned only with the average quan- 
tities in the acoustic field at distances L sufficiently far 
away from the jet exit, ie., L/D > 1. 


(2) Geometrical Acoustics in Shear Layer 


The linearized acoustics for an individual frequency 
component of a sound wave are the same as the linear- 
ized treatment of the propagation of a small periodic 
disturbance in a flow field that is either subsonic or 
supersonic, uniform or under shear. Geometrical 
acoustics implies, in addition to linearization, the local 
approximation by planar waves. This is not always 
possible, even in uniform flow fields. The difficulty is 
more severe in a shear layer. In the extensive treat- 
ment by Blokhinstev,‘ the dispersion of sound by wind 
in low atmosphere, which is taken as a shear layer with 
small gradients, has been considered. Ribner* tried to 
approach the problem of a thin shear layer by consid- 
ering the shear layer a rippled interface so that the law 
of refraction could be inferred across it. In what fol- 
lows, the geometrical acoustics will be considered in a 
thin shear layer of parallel mean flow with larger gradi- 
ents of the mean flow properties across it. The assump- 
tion of a parallel mean flow in the shear layer between 
the ambient quiescent atmosphere and the turbulent 
jet core appears to be a rather strong postulate, because 
the size of the large-scale eddies (or, roughly, the radius 
of curvature of the shear-layer boundary) is comparable 
to the jet diameter and therefore to the wavelength of 
the sound. This assumption is considered to be ade- 
quate, however, since in the following discussion the 
qualitative or at most the dimensional aspect is of 
greatest interest. 

The system of conservation equations, being linear- 
ized with respect to the disturbance quantities, will 
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Fic. 2. Transmission of acoustic ray through the shear layer. 


clearly admit of time-dependent exponential solutions 
lexp (—iwt)|, even if all the dissipative terms originat- 
ing from viscosity, heat conductivity, etc., are included. 
Since the mean properties such as L(y), 7(y), ete., 
appearing as coefficients in the system of differential 
equations for the disturbance quantities are independ- 
ent of x, the system of equations will admit of solutions 
with exponential v-dependence. That is, for any dis- 
turbance quantity Q, solutions of the following form 
will be obtained: 


Q= R}q(y) exp [/a(x — c,t)]} (2.1) 


It should be noted here that a and c, may take any 
real values forced upon the shear layer by the oscilla- 
tions from the turbulent jet core. In Eq. (2.1), & indi- 
cates the real part of the quantity in braces; q(y) is 
the complex amplitude function; and a is the angular 
wave number, equal to 27 times the number of com- 
plete waves contained within distances equal to the 
shear-layer thickness A along the x-axis (i.e., the direc- 
tion of mean motion). The spatial coordinate axes 
x,y will be fixed with the ambient quiescent atmosphere. 
c, is the apparent phase velocity in the x-direction due 
to the component wave motion. Both a and ¢, are real 
quantities since the acoustic oscillations are neutral on 
the long-time average. w = ac, is the angular fre- 
quency of the component oscillation. Any two of the 
three quantities a, c,, and w will specify completely the 
mode of oscillation under consideration. 

That both w and c, may be arbitrarily selected and 
are independent of the spatial coordinate y during the 
propagation of the wave across the shear layer implies 
an important geometric characteristic of the ‘‘sound 


ray.’ A sound wave propagating in the direction of 
the mean motion, L(y), but inclined to it at an angle @ 
(see Fig. 2), leads to 


c, = U(y) + c(y)/cos A(y) (2.2) 


where ¢ the local speed of sound = (yp/p)'/* and @ is the 
angle included between the c vector (tangent to the 
sound ray) and the positive x-axis, with positive angles 
measured counterclockwise from this axis. This ex- 
pression of c, is general for planar sound waves prop- 
agating in any direction with respect to the wind. 
Since c, is an invariant property, the local direction of 
the sound ray, 6, measured in the counterclockwise 
sense from the positive x-axis, is uniquely determined 
by the local value of U(y) and c(y) = (yp/p)'*. Eq. 
(2.2) offers a convenient means of graphically construct- 
ing the path of the sound ray or rays, as illustrated in 
Fig. 2 for the cases c, > U; + ¢;> c,and0> — c,> 
c,. For application across a discontinuity of U’ and/or 
c, however, Eq. (2.2) may be put into a more con- 
venient form: 

- _ cos A _ a + UU; cos (2.3) 

— cos 6, 7 C2 + U2 cos “—e 
where gz designates the index of refraction and c; + 
U; cos 6; stands for the “‘effective propagating speed”’ of 
the wave front or ray in the 7th medium. 

The result (2.2) is simple. Its derivation is based 
only on the linearization and the assumption that all 
the mean profiles are independent of x. Nevertheless, 
it has far-reaching consequences. In Fig. 3, a typical 
situation encountered when (U’; — c;) > c,> €, is illus- 
trated. A band inside the shear layer, centered around 
U(y) = ¢,, is prohibited for the incident and the emerg- 
ing rays. This aspect of geometrical acoustics inside a 
shear layer is not unique. Let us consider the solution 
of the wave equations in two dimensions in an acoustic 
medium at rest: 


exp [a(x + By) — tac,t] 


‘. Is oy \ 
= exp r ‘ + {ti— = : =f ¢ (2.4) 





ys fx , (-Co/cie 
EMERGING RAYS ~ exp} iw} * + a } 
C es 

a 

REGION WITH as 

*NON- PLANAR Cl¥s,)C; Clg )=C, —= 

WAVES 7 T a 
Ul¥g)= Ce a 





INCIDENT RAYS 
‘ 
2 2\3 
> Si AUy-Crl F Gv 





| 
~ exp iia) = 
we, C, Cr 


1} 


Fic. 3. Absorption and generation of acoustic rays by the shear 
layer. 

















m¢ 
pre 


po 

















AERODYNAMIC NOISE OF A TURBULENT JET 325 
| of where a = w/c, and B® = (c,*/c?) — 1. Here c, may Fa eg no ; 
le 0 take on any real value from —o to +o. When a ~ = ee peor 
c,, > c* (the square of the local speed of sound), then Ty iyy NOT SHOwn - ase 
2) Bis real and Eq. (2. 1) represents periodic planar waves poosocesad i ¥ ‘a SOUND EMSION - 
si or sound rays. When c,? < c?, 8 is imaginary, and (2.4) cites oS ee 
the represents a one-dimensional wave in the x-direction 7 : Pi » iy a 
the that decays exponentially or amplifies in the v-direction. eS : 
les | This kind of acoustic wave cannot be described by sound —— { . 
eX- rays For outer acoustic mediums unbounded a | — 
)p- for positive y, 7a8 must be negative and real when SHEAF ie Ys 
id. Cc, < Ca, corresponding to waves decaying exponen- 2 i — F 
of tially with increasing y. Such waves will have no in- ~\ 
ise fluence on the far sound field and are often ignored. 5 ; are a +s scien saan 
ed | For the turbulent core with uniform velocity L’,, the CORE OF r warm \\ A A 
oq. wave equation refers to the moving coordinate system an eeu aw ta\ \ cml - 
ct- with (c, — Uj)? = (1 + 6*)c,?.. Thus £ is imaginary Ba Ne a ae 
in | when c, — Uj <c,. Since the jet core is finite in ex- EMERGE EXPONENTIALLY 
> a tent, and contains actual sound sources such that the ore eee 
or | amplitudes of the local oscillations may be much Fic. 4a). Patterns — oe = the emerging acoustic 
n- larger than those at the edge of the jet core, a8 may 7 er . 
take on negative as well as positive values. It is clear, 
then, the absence of sound rays in geometrical acous- cneieiien ‘ ital ack aaa 
3) tics when c, — U; < c; does not imply the absence of = ooo 
acoustic waves and is not devoid of physical meaning. “a I I EXPONENTIALLY 
. . . | r EMERGING 
. For a given c, the circumstances |c, — U| < c may upstream bay 0 
of be brought about by the variation of c or U or both, = ad \ SAHA » 
when a ray of a given c, with U; — c; > ¢, > Cq pene- se x . Po : cee tiie ait 
ed trates the shear layer. When cc, — U'| = c, the wave Ite Mi a ee 
ill is “‘locally sonic,”’ propagating along or against the | {F i a . 
$s, mean flow with 6 = 0. If we expand the inviscid ap- ae \! ° | 
al proximation of the linearized equations about this Be: {fos 
S- point, the amplitude function ¢(y) is found to be locally LAYER —, 
id } Uy’ ; U'(y) | r-C SJ 
g- ¢g(yv) ~ exp vo cle y I. ¢g (y) = oak ¢(y) i . ‘ | “9 IN = sn Geen ia 
a F . ~ TURBULENT ae waves DECAYING 
(2.5) CORE OF WAVES TO EXPONENTIALLY 
yn SUBSONIC JET EMERGE WAVES TO NOT SHOWN 
ic indicating that the amplitude of the wave motion in the 6, > U,>Cy econ enn 
y-direction is decaying or growing exponentially with sin 
increasing y. This substantiates the correspondence of Fic. 4(b). Patterns of the incident and the emerging acoustic 
the physical situations in the shear flow and in the uni- Se 
t) form flow. In Fig. 3, ¢(y) is decaying exponentially or 
decreasing near y = y,_, and is growing exponentially : 
near Vy = Y,; aS y increases. The situation inside the pomaomang \ FROM INCIDENT 
prohibited band, except in the immediate vicinity of si r . eS ane 
U(y) = ¢,, is essentially the same as that in a uniform pre cand ; enacted 
flow with varying c). ey : i f,/™ eee aaiali 
The eventual exponential decay of an incident wave is F tte 
conveys the notion of its absorption by the shear layer. | . é 
The exponential amplification prior to the formation of = y 7 
the emerging waves suggests that the emerging rays F 
may be fundamentally different from the corresponding rE a - 
incident rays. LAYER Bey : 
The prohibited band may include one of the shear- \ 
layer boundaries when either |c, — U;| < c,; or \¢,| < #—4 ! —- 4 
C,. Thus the geometrical acoustics will not reveal either = PIN pe negin alt 
incident rays or emerging rays. Hence they leave SUBSONIC JET AER EXPONENTIALLY 
stronger impression of shear-layer emission and total C, > Cy >Y, Sei na 
absorption respectively. In Fig. 4 are illustrated the a saben 
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affected by the shear layer. The transmitted waves 
(I and II) are primarily confined to the upstream region 
and the region nearly normal to the mean flow direction 
of the jet. In the next section, the role of the shear 


layer in different regimes will be examined. 


(3) Relation Between Quadrupoles Across 
Shear Layer 


The acoustic energy density in a medium at rest, ac- 
curate to the square of the disturbance amplitudes, is / 
= (c?/po)(Ap)?, where Ap is the variation of the medium 
density from its average value p). The density fluctua- 
tion Ap = p — po, the sound intensity /, and the acous- 
tic power output P in the ambient medium can be repre- 
sented by Eqs. (1.3), (1.4), and (1.5), if all the 7), are 
those distributed on the outer edge of the shear-layer 
boundary. 

Before considering the three-dimensional problems, 
and in keeping with the spirit of taking the ‘‘shear 
layer’’ as a parallel flow, we shall investigate only the 
planar problem, with (pu), (pv), and (puv) nonvanish- 
ing, to illustrate the physical mechanisms operating to 
relate these quadrupoles across the shear layer. Each 
of these long-time averages may be resolved into a 
frequency spectrum, and each frequency component 
may be resolved into a c, spectrum corresponding to 
waves propagating in different directions. This is 
possible because the analysis of the present forced- 
oscillation problem is linearized. If all the individual 
components of (pu), (pv), and (puv) in the elementary 
ranges of w and c, are specified at the outer edge of the 
turbulent jet core (for analytical purposes), the linear- 
ized equations of motion will permit us to calculate 
these values at the outer edge of the shear layer, when 
the ‘‘mean profiles’ of the ‘laminar’ shear layer are 
specified. 

The analysis is largely the same as that for the stabil- 
ity of the compressible laminar boundary layer as out- 
lined in reference 9. The only important difference is 
that the present problem is a nontrivial boundary-value 
problem of forced oscillation, rather than an eigenvalue 
problem for the investigation of stability. The follow- 
ing two conclusions are of fundamental importance in 
the present investigation: 

(1) For boundary-layer types of flow (large Reyn- 
olds number) the waves are governed essentially by 
the inviscid equations (obtained formally by dropping 
all terms involving some negative power of Re) every- 
where except in a thin viscous layer called the “critical 
layer’’ in the interior of the shear flow where U(y,) = 
c; The thickness of this critical layer is O(aRe)~'/*. 
There is no solid boundary in the present problem. 

(2) The Reynolds stress component (puv) of the dis- 
turbance motion remains essentially constant within 
each inviscid layer and undergoes an almost discontinu- 
ous jump across the critical viscous layer, the magni- 
tude of the discontinuity being determined by the local 
profiles of the mean flow. 

For the present purpose, we shall first express the 
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quadrupoles 7;; at the shear-layer boundaries in terms 
of the small disturbance quantities treated in the linear- 
ized analysis within the inviscid framework. The 
linearized results for the shear layer will then relate the 
7, across the shear layer. Accordingly, each of the 
disturbance quantities will be written as the real part 
of the product of exp [ia(x — c,t)] and its complex 
amplitude function. Since the mean motion on either 
side of the shear-layer boundary is uniform, the complex 
amplitude functions take particularly simple forms. 
Let 


¢o(y) = go exp [taBy] (3.1) 


with 1 + 6? = (U — c,)?/c? and a = w/c,, and where 
U is the uniform velocity of mean motion, c is the local 
speed of sound and c, is the wave velocity in the x-di- 
rection, all expressed as fractions of the mean turbulent 
jet velocity U; at the core. The complex amplitude 
functions are as follows: 


for the x-component of the disturbance velocity, 
f(y) = —¢’(y)/B = —iag(y)/8B (3:2) 

for the y-component of the disturbance velocity, 
g(y) = —iag(y) (3.3) 


for the pressure, the density and the temperature, re- 
spectively, 


ry) = —(y/c)[(1 + B87)!” Bliag(y) ) 
ry) = (1/y)<p)r(y) (3.4) 
Oy) = (y — 1)/XKT) ry) 


(8 real) (3.5) 


and (uv) = fg* = (a?/B) ge 


The mean gas pressure (pf) is unity (to the first order) 
everywhere. The mean gas density (p) and the mean 
temperature (7°) are expressed in terms of their respec- 
tive values in the center of the jet core. Now take the 
temporal average of (1.1) for each individual component 
after w and c, resolution, and let the acoustic oscilla- 
tions be isentropic (to the square of the amplitude) 
with purely sinusoidal density oscillation. Then, for 
real 8 we have 


(75; = (puv)(7;;) 


BI (1 + 67)! y-11+8 
(tn) = lat cB 9 8 | 

z y—-11+8 (3.6) 
(722) = hg > 0 -+ 2 B | } 

(1 Q2\1/2 
(m2) = | 1+ 2 +0] 

= Cf | 





Similar relations for (7;;) may be obtained for imagi- 
nary 8. The second term in (7,,) of Eqs. (3.6) originates 
from the correlation of the density and the velocity 
fluctuations. The third term is due to (p) — 1 evalu- 
ated to the square of the acoustic wave magnitude. 
They are not important insofar as dimensional results 
are concerned, and are included only to achieve the 
correct limiting behavior of 7;; when 6 — O (i.e., for 
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waves propagating along the mean flow direction) and 
when 8 > © (i.e., c, > © with w constant for waves 
propagating normal to the jet flow direction). The 
parameter 6 is the tangent of the angle 0 between the 
acoustic ray and the jet flow direction with 6 = 
(cos—'c)/(U — ¢,). The 74; given in Eqs. (3.6) is for 
the component in the range of unit w and unit c,. The 
component in unit w and unit angular range (@) is 
dc,/d8 = cB(1 + £67)'/? times that given in (3.6). It 
can be verified that 7;.dc,/d0@ is well behaved for both 
limiting conditions. We shall therefore ignore these 
limiting cases in the following discussions, to avoid un- 
necessary complications. 

From Eqs. (3.6), the importance of the variation of 
(puv) within the shear layer in relating the quadrupole 
strength across the shear layer is evident. For the 
waves incident on the inner boundary of the shear 


layer (y = —1) near the jet exit, we have Uv = 1 and 
1/c-1 = M;, the Mach number of the jet. For the 
waves emerging from the outer boundary (y = 0), we 
have U = Oand 1/c = U/ao, where ap is the speed of 


sound in the ambient air. Two different cases need to 
be considered. 

(1) Transmitted waves, c, > (1 + ¢,) orc, < —& 
(the minus sign indicating waves propagating in the 
direction opposite to the mean flow, as illustrated in 
Fig. 2). For these waves, there is no critical viscous 
layer with (puv) substantially constant throughout the 
shear layer. With subscripts 0 and —1 designating 
quantities evaluated at the outer and the inner edges 
of the shear layer, where vy = 0 or —1 respectively, we 
may write 
(ris) = [O%(T,;)/Ol* ]o/ [0% Ti;)/Of? 1a = (715)0/( tis) 

(3.7) 
where (7;;)o and (7;;)—1 are defined in Eqs. (3.6) which 
are independent of w for a given value of c,. The quan- 
tity (7;;), may be identified as the transmission coef- 
ficient for the quadrupole component 7);;, constant for 
a given frequency component but different for waves 
propagating in different directions. This transmission 
coefficient (7,;), depends on the uniform conditions on 
both sides of the shear layer but not on the details of 
the shear layer which brings about the change of the 
uniform conditions. 

(2) Shear-layer emission (1 > c, > c), as illustrated 
in Fig. 3 and the emerging waves in region IV of Fig. 4. 
For waves in this range, there is a critical viscous layer 
across which a discontinuous change of the stress com- 
ponent (puv) takes place. The jump may be estimated 
from the inviscid approximation.’ Thus 

[(0°/0#?)(Tss) | ae 


sot 
ra, (tee 93 a Swe = (8. 
[(02/d#2)(T,,) a (7 i) \ + A2 # { (3.8) 





mcr (pU")’. _[(puv) Je 


7 (3.9 
| pl le [(puv) ]1 ) 


where t.(w,c,) = — 
is the dimensionless coefficient representing the dis- 
continuous jump. The factor (D;/A)? arises because 
the reference length of the outer field is the jet diameter 
D;, while throughout the shear-layer analysis the unit 
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SCHEMATIC DIAGRAMS 


Fic. 5. Schematic diagrams of the profiles of some mean flow 
properties in the shear layer 


length is the shear-layer thickness A. The subscript c 
in Eq. (3.9) indicates quantities evaluated at the critical 
point y, where U(y,) = c,. The function ¢,,(w) depends 
to some extent on the details of the mean velocity and 
temperature profiles across the shear layer, but largely 
on the quantity evaluated at the critical point, 


is - ou 
- or = (5 -F) (3.10) 
pu’. U’ T }. 
the general variation of which is shown schematically 
in Fig. 5 for different c,.. Thus, the coefficient ¢,,(w) for 
a given frequency band around w is generally positive 
for practically all the waves in this range of c,. The 
term (D,/A)*¢.(w,c-) is therefore the shear-layer aug- 
mentation to the transmitted waves. Since (D,/A) 
is usually very large, the shear-laver augmentation will 
be much more significant than the transmitted waves, 
at least when ¢,, is O(1). 

Eqs. (3.7)-(3.9) may be integrated over all the fre- 
quencies to yield relations between the integrated re- 
sults of acoustic waves of all frequencies for a given ¢,. 
Since the transmission coefficient (7,;); is independent 
of w, it remains so for the integrals of (7;;), over all 
w. In Eg. (3.8), the shear-layer augmentation will 
then be replaced by (D,/A)*f(c,) with 


t(c,) = f t.(w, c,)dw (3.11) 
0+ 


which is primarily a function of c, (i.e., the direction of 
the acoustic wave) and the profiles within the shear 
layer. Both ¢, and ¢ can be evaluated with results 
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from reference 9. The precise values of ¢ or ¢,, are not 
important in the later discussions. 

There are two ranges of c, that have not yet been con- 
sidered. The first one, |c,| < |c| corresponding to 
those emerging waves that decay exponentially, is of 
little importance to the far acoustic field. The second 
one, (1 + c,) > c¢, > 1, corresponds to incident waves 
that amplify exponentially and eventually emerge as 
planar waves. Although there is no critical viscous 
layer for these waves, the geometrical acoustics show 
emerging rays without corresponding incident rays, and 
convey the impression that these waves may belong to 
the shear-layer emission. 

When the acoustic waves incident on the inner bound- 
ary of the shear layer are given, Eqs. (3.6) and (3.7) 
enable us to calculate the detailed distribution of the 
emerging, transmitted waves. When, in addition, the 
profiles inside the shear laver are prescribed, Eqs. 
(3.8)—(3.11) with the necessary information from refer- 
ence 9 will determine the shear-layer emissions. The 
latter determination will not be attempted here; we 
shall be concerned primarily with the overall di- 
mensional implications. Accordingly, the quadrupoles 
for the transmitted waves will be considered as essen- 
tially unchanged across the shear layer, and hence they 
should follow the dimensional relation given by Light- 
hill,! but there will be no need for a convective correc- 
tion for the quadrupoles. The effect of the shear layer 
on these transmitted waves is essentially kinematic, 
i.e., to bring these waves to emerge in the direction up- 
stream or nearly normal to the laminar mean flow. 
The quadrupoles for waves with shear-layer augmenta- 
tion will be increased, possibly by orders of magnitude, 
when D,/A is large. Kinematically, the shear layer 
brings these waves to emerge in the downstream direc- 
tion of the local laminar mean flow. Dynamically, the 
strength of these downstream propagating waves will 
depend dimensionally on the ratio D,/A. 


(4) Outer Noise Field of the Jet 


The outer noise field with air at rest as the medium 
will be divided into three different regions with different 
dimensioual dependences: 

(1) The upstream region of the turbulent jet will 
be reached only by the waves transmitted through the 
shear layer without shear-layer augmentation. Hence, 
with the dependence of the transmission coefficient 
(rij)2 on Uj, cj, etc., neglected, the acoustic intensity / 
and the acoustic power output P per unit solid angle at 
a given point at distance r from the exit, will depend 
dimensionally as 

rl ~ P ~ (p,D;?U;*)(p;/ po) (U;/ao)® (4.1) 


where the incident quadrupole (puv) has been replaced 
dimensionally by p;l’;” at the exit of the turbulent jet. 
This is the same as the dimensional result given by 
Lighthill.' 

(2) The downstream region of the turbulent jet 
will be reached only by acoustic emissions from quad- 


rupoles with shear-layer augmentation. Hence 
rl ~ P ~ (p,D;?U;*)(p,/ po) (Uj/ao)®} 1 + €(D;/ Ao)? }? 


~ (p,D;?U;*)(p;/ po) (U;/ao)*(D;/Ac)* 
(4.2) 


The last simplification is valid when the typical shear- 
layer thickness Ap is sufficiently small compared with 
jet diameter D). 

(3) The transition region downstream of but nearly 
normal to the turbulent jet flow is covered largely by 
the transmitted acoustic waves of positive c, > (1 + 
c;), corresponding to downstream-propagating incident 
waves. However, there will be some waves with shear- 
layer augmentation emitted from those parts of the 
shear-layer boundary where the local laminar flow di 
rections are inclined away from the flow direction of the 


jet core. Since these waves carry considerably more 


energy than the transmitted waves, the angular varia- 
tion of the acoustic intensity in this region may indicate 
the relative frequency of arrival of waves with shear- 
layer augmentation. It can be shown that the total 
acoustic power output of all the transmitted waves in 
this region increases dimensionally as l’,', in contrast 
to the dependence on L’;* of the shear-layer emissions. 
In view of the complicated shape of the shear-layer 
contour and its temporal variation under the influence 
of the large-scale eddies in the turbulent jet core, the 
angular extent of this transition region may be quite 
large. It will join the downstream region near 6 
tan~! U,/ay aud the upstream region around @ = 7/2, 
with considerable overlap. 

Throughout the outer noise field, the local acoustic 
intensity varies as lL’, as does also the total acoustic 
output. Since D,/A, is usually large, the downstream 
region will show a considerably higher noise level and 
will make a large contribution to the total acoustic 
power output. The angular distribution of the noise 
level in the downstream region, however, cannot be 
identified strictly with the dependence of the shear- 
layer augmentation on c,, owing to the smearing effect 
of the large-scale eddies. The polar plot of the noise 
level will not show any sharp peak. The general 
orientation of the maximum polar noise level will corre- 


spond roughly to 
6 ~ cos (2U;/3a¢) 


Heating the turbulent jet will increase the level of 
the shear-layer augmentation through an increase in 
¢ [Eqs. (3.9) and (3.10)]. A 5-6 db increase of the 
downstream noise level may be produced when a jet 
at room temperature is heated to, say, three times the 
ambient temperature. Some change of the transmis- 
sion coefficient (7,;), may result, but its effect on the 
upstream noise level is relatively small and uncertain 
[Eqs. (3.1) and (3.6) |. 

According to the shear-layer analysis, the factor most 
significant for the downstream noise level is (Dj/Ao)* 
in Eq. (4.2). It is this factor that brings about a 
downstream noise level much higher than the upstream 
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noise level, since in the present model there is no con- 
vective correction factor. 

Eq. (4.2) indicates that the ratio D;/ A, is almost as 
important as L’;/a) in determining the change of the 
downstream noise level when the jet thrust power 
(p,D,;°U;*) is kept constant while Ul’; and D; are varied. 
For the noise fields of turbulent jets from several differ- 
ent fully developed turbulent pipe flows, the ratio 
D,/ Xo in all cases is essentially the same. Accordingly, 
the UL’; law is expected to hold fairly well for experi- 
mental results with test configurations of this general 
category. The importance of other factors may appear 
under other test conditions. 

Besides the factor (D,/Ay)* it should be noted also 
that the dimensional relations (4.1) and (4.2) require 
that the quadrupole (puv) on the inner boundary of the 
shear layer be represented dimensionally by p,U’;? at the 
jet exit. This is appropriate for experiments involving 
turbulent jets from pipe flows where L’; is the maximum 
velocity. For configurations like the diffuser-silencer 
to be discussed in the next section, the velocity of the 
turbulent jet in the upstream region is considerably 
larger than that at the diffuser exit. The acoustic 
emissions from the quadrupoles in the upstream region 
may be more important in determining the strength of 
the acoustic waves incident on the shear layer and there- 
fore (puv). The relative importance of the upstream 
region may be estimated with the help of Eq. (1.4) 
when assumptions on the variation of the local mean 
jet velocity and the variation or the similarity of the 
turbulent fluctuation inside the turbulent jet core are 
made. The dimensional rules (4.1) and (4.2) must be 
corrected accordingly when applied to these configura- 


tions. 


(5) Diffuser-Silencers and Other Practical 
Considerations 


Practical interest in jet noise arises from the need to 
reduce the noise produced by modern high-thrust jet 
engines. In view of Lighthill's result that the outer 
noise field depends on UL’;5, the reduction of jet exit 
velocity by diffusion appears most attractive. Hence, 
many diffuser-silencers have heen designed and tested. 
The noise reduction achieved in many cases has been 
substantial, although far short of what may be expected 
from U5 law. In the following, a representative suc- 
cessful diffuser-silencer (CF100 Orenda 11/R) and an 
anomalous laboratory test model (UTIA wide-angle 
diffuser) are discussed. Some explanation of the ob- 
served results, and illustration of the importance of 
some other factors in practical devices, are attempted. 

The experimental conditions did not, in general, cor- 
respond to the idealized conditions postulated in the 
theories. For the above examples, the presence of solid 
boundaries such as the diffuser liner, baffles, and screens 
in the turbulent core of the jet may raise the question 
of the applicability of the theoretical results. It is felt 
that when the aeolian tones and the possible resonance 
of the solid botndaries are neglected, the important 
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Fic. 6. The polar diagram of the noise field of the CF 100 
Orenda 11/R diffuser-silencer 


role of the added solid boundaries is to change the turbu- 
lent flow conditions of the jet gas, as was remarked at 
the end of the last section. Thus the experimental ob- 
servations in practical systems may be discussed within 
the framework of the theories. 

We shall first look into these cases according to 
Lighthill’s model. The configuration of the Orenda 
diffuser and the polar diagrams of the noise fields are 
shown in Fig. 6, which is reproduced from reference 10. 
The velocity and density of the gas at the diffuser exit 
are estimated in reference 12. The density may not 
be assumed constant across the diffuser. According 
to Lighthill’s model, the dimensional rule (4.1) should 
apply in all directions if the convective correction is 
ignored. A reduction of 22-24 db would be expected 
in all directions. The actual reduction, as indicated 
in Fig. 6, is 14-16 db downstream and 2—4 db upstream. 

If the upstream or background noise were due to 
some upstream noise source (for example, the combustion 
chamber) it would be difficult to understand why the 
addition of a diffuser should decrease the background 
noise intensity by 50 per cent (~2-4 db). The aerody- 
namic noise from the jet must constitute an essential part 
of the upstream noise. The large difference in the noise 
reduction in the upstream and the downstream fields 
may be accounted for by the corrections for the de- 
crease in the convective velocity of the quadrupoles and 
the increase of the local turbulence level accompanying 
the velocity diffusion. The effects of the two factors 
are additive in the decibel (logarithmic) scale, being of 
opposite sign in the downstream region but of the same 
sign upstream. ‘The effects of the two factors need not 
compensate each other in the downstream direction 
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VELOCITY PROFILES 


The velocity profiles of the mean flow in the UTIA 
wide-angle diffuser. 


Fic; 7. 


(as was proposed in reference 2). To account for the 
difference in the reduction of the noise level achieved 
and the reduction expected from the U§ rule, the in- 
crease in turbulence level ((pu,u;)/p,U;?) should be 
-apable of causing an increase of 14-15 db in all direc- 
tions, and the decrease in the convective velocity should 
bring about a 7-8 db reduction downstream and a 4-5 
db increase upstream. This means that the turbulence 
level increases sixfold and the absolute magnitudes of 
turbulent fluctuations are increased by ~25 per cent 
with the mean velocity Ul’, = U/2.6. If the convective 
correction should be less effective in reducing the up- 
stream noise level (as indicated in reference 1), the re- 
quired increase of the turbulence level would be larger. 

The UTIA wide-angle ground muffler is similar to 
Orenda diffuser only in that two screens are introduced 
to achieve uniform diffusion to a much smaller jet 
velocity at the diffuser exit. The geometrical configura- 
tion and the mean velocity profiles are given in Fig. 7 
(reproduced from reference 10). According to the 
U5 law [Eq. (4.1)], a reduction of 70 db would be ex- 
Test results'!* show, on the other hand, a 
The sound pressure 


pected. 
startling increase of 10-15 db. 
levels on the muffler wall are ~25 db below those on the 
edge of the jet without the muffler. The suggestion!’ 
that the noise increase is due to the inadequate acous- 
tic design of the muffler wall cannot be a valid explana- 
tion of the anomaly. Let us attempt an explanation 
within Lighthill’s model as for the previous case. The 
jet velocity in the test is too low to require any apprecia- 
ble convective correction. The turbulence intensity 
would have to increase sufficiently to produce an 80-85 
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db increase of the outer noise field. To achieve this, the 
turbulence level would have to increase more than 
10*-fold, and the magnitude of turbulent fluctuations 
would have to increase more than a hundredfold. If 
such a large increase is regarded as unlikely, one would 
either have to dismiss this experimental result as 
erroneous, or reconsider the validity of the simple di- 
mensional rule and its modification. 

An attempt now will be made to explain these two cases 
on the basis of the present model. In both cases the 
diffuser exit is five diameters downstream of the jet 
exit, a distance comparable to the axial extent of the 
nondecaying turbulent core of the exit jet. Hence, in 
evaluating (puv) distributed along the inner edge of the 
shear layer over the diffuser exit, the upstream high- 
speed region must not be ignored, as was explained at 
the end of the previous section. 

According to the present model, the effect of the 
shear layer on the noise level in the upstream region of 
the outer noise field is negligible. The change in the 
noise level in this region due to the addition of a dif- 
fuser will therefore reflect the ratio of the integral of 
the square of the quadrupole strengths over the inner 
surfaces of the shear layers with and without the dif- 
fuser. In the case of Orenda diffuser, a 2-4 db reduc- 
tion is effected in the upstream field when the exit 
diameter of the diffuser is about twice that of the jet. 
Thus, the ratio of the effective quadrupole radiation 
intensities with and without the diffuser is 


(PUY diffuser 4 pAdb/20 Dyer I 
= 10 Pa Op. es 
( pUuv) jot DO E93 3.2 


This may be checked by assuming different distribu- 
tions of p and U in evaluating the integrals (1.3) and 
(1.4). For points at corresponding positions on the 
edges of the shear layers with and without the diffuser, 
the ratio of the integrals generally falls in the above 
range. 

The downstream, outer noise field will be considered 
as essentially due to the shear-layer augmentation which 
depends on both (D;/Ao)* and (puv). With 2-4 db 
due to the reduction in (puv), the reduction of 12-14 
db will be accounted for by the decrease in the factor 
(D;/Ao)4. This 12 db reduction will be effected by 
(Adittuser/Ajet) = 4. If for example the A,., of the full- 
scale motor is 1 in., then the shear-layer thickness at 
the diffuser exit must be 4 in. The 4-in. shear layer 
does not appear to be large in a diffuser with an exit 
diameter of ~60 in. and with air induced into the turbu- 
lent core of the jet through baffles that extend almost 
to the jet axis. 

The test results of the UTIA diffuser did not include 
the noise level in the upstream field. The relative 
strengths of the effective quadrupoles on the edges of 
the shear layers with and without the diffuser will have 
to be estimated from (1.3). The effective (puv) with 
diffuser is found to lie between !/;4 to '/s; of the value 
without the diffuser, corresponding to a 15-20 db re- 
duction of the noise level in the upstream region. Near- 
field measurements indicated a 25-30 db reduction!* on 
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the diverging part of the diffuser wall which is shaded 
from the noise emission from the jet. The estimate of 
15-20 db reduction in the far upstream field may be too 
low, but is probably on the conservative side. 

To account for the 10 db increase in the downstream 
noise field, along with the 15-25 db decrease in the up- 
stream region, there must be a 25-35 db increase due 
to a change in the parameter D;/Ao. With the jet 
diameter increased 4.4 times, the mean shear-layer 
thickness at the diffuser exit should be about 1 to 0.6 
times that at the jet exit. The mean velocity profile 
of the jet flow (Fig. 7) indicates an initial shear-layer 
thickness of ~'/2 in. at the jet exit but no shear layer 
at the diffuser exit. If it is assumed that the fine 
screens used in the UTIA diffuser destroyed the up- 
stream turbulent boundary layer completely, then the 
growth of the turbulent boundary layer after the 
second screen would give rise, at the diffuser exit, to a 
turbulent boundary layer about '/2 in. thick. This 
would lead to a laminar shear layer (not a sublayer) 
about '/; in. thick under the sweep of the large-scale 
eddies. The requirements of the physical situation 
again appear to be reasonable and consistent. The in- 
crease of the downstream noise field in spite of the large 
decrease of the jet velocity at the exit of the UTIA dif- 
fuser is not anomalous in the present model. 

The most significant differences between the present 
model and Lighthill’s are: 

(1) The shear layer is considered important both 
dynamically and kinematically for the outer noise field 
in the present model, while it is ignored in Lighthill's 
model. However, the correction for the convective 
motion of the quadrupoles in Lighthill’s model may be 
interpreted as representing effects of a similar nature 
and origin, if the convective velocity is properly 
selected and if the relative population of the lateral and 
the longitudinal convecting quadrupoles is properly 
selected. 

(2) The change of the turbulence intensity relative 
to the local mean flow properties is neglected in the 
present model, but it is emphasized that the effective 
quadrupoles distributed over the shear-layer edges are 
the integrated effect of all the radiating quadrupoles 
throughout the turbulent jet core. (The distribution 
of the turbulence intensity in different parts of the tur- 
bulent core, if known, may be included in evaluating 
the integral.) 

The variation suggested by Lighthill,’ of the turbu- 
lence level at the jet exit may be interpreted as repre- 
senting the variation of the integrated results over the 
physical extension of the turbulent jet core, with differ- 
ent distributions of the mean velocity and/or the tur- 
bulence level, etc. 

The following remark is also of practical importance. 
The shear-layer augmentation need not predominate if 
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D;/Ao is not sufficiently large—for example, in small- 
scale laboratory tests. Under such circumstances, the 
simplified form of the dimensional relation (4.2) will 
overemphasize the dynamic role of the shear layer. 
Furthermore, a slight increase of the mean jet velocity 
U’; will often accompany an increase of the shear-layer 
thickness in a given test jet. This will counterbalance 
to a large extent the silencing effect of a larger Ay. A 
small effect of the shear layer may then be observed in 
such small-scale tests, despite the fact that for large 
test units or full-scale engines even a small change, 
such as in edge teeth at the jet exit, may produce notice- 
able effects. 

From the practical point of view, the present model 
demonstrates, ainong other things, that to strive for 
the lowest possible jet velocity, as indicated by the LU’ 
law, may not always be desirable in the design of an ef- 
fective noise silencer. It also points out the need for 
caution in applying the laboratory test results for 
small-scale models to full-scale equipment. 
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Comment on ‘‘A Note for Finding Complex 
Roots of a Special Kind of Quartic Equation”’ 


James Sheng 

Dynamics Research Staff, Research and Development Department, 
The Martin Company, Baltimore, Md 

September 9, 1960 


I A RECENT PAPER,! a method described in detail was proposed 


for- the solution of the quartic equation. However, this 


method 
1637, which may be found in standard textbooks used in high 


is commonly known as Descartes’ method, given in 


schools and first-year colleges. 


REFERENCE 
1 Lee, F. A., A Note for Finding 
Equation, Journal of the Aerospace Sciences, Readers’ Forum, Vol. 27, 


Complex Roots of a Special Kind of Quartic 
No. 9 
pp. 714-715, September, 1960 


Additional Comment 


Ralph Papirno 
Research Scientist, Research Division, College of Engineering, 
New York University, N.Y. 


September 10, 1960 


N A NOTE in the Readers’ Forum in the September 1960 issue 
(see reference 1 above), F. A. Lee proposes an explicit method 


for finding the complex roots of the quartic equation: 
+ Agx? + 


It should be pointed out that this is the method proposed by 
L. Ferrari some 400 years ago and which may be found described 


Aix + Ay = 0 


in various handbooks and in texts on the Theory of Equations 
Dickson, ‘‘ New First Course in the Theory 
52, Wiley, 1939). 


(see for example L. E. 
of Equations,” pp. 51 





Contributors Please Note 


Readers’ Forum items must be confined to the 
equivalent of one page in the journal. Contribu- 
tions that exceed this limit will be returned to the 
authors for condensation and.rewrite. To avoid incon- 
venience and delay, please adhere to the following 
specifications: 

(1) Five, double-spaced, typewritten, manu- 

script pages (8% by 11 in.), including 
wide margins, formulas, and headings, 
equal one printed page. 
For every illustration, deduct at least 
one-half or as much as one manuscript 
page, depending on the size of the 
illustration. 
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In addition, it should be noted that Ferrari’s method may also 
be used on the general form of the quartic—i.e., a quartic with the 


cube term present. 


Additional Comment 


Arthur W. Leissa 

Assistant Professor of Engineering Mechanics, The Ohio State Univ 
Also, Research Specialist, Columbus Div., North American 
Aviation, Inc. 

September 13, 1960 


I THE PAPER BY LEE (see reference 1 above), an explicit method 
is presented for finding the roots of a quartic in the form 


x* + 1ix + Ap = 0 (1) 


Aox? + 
As is shown by Burington! and many others, any general quartic 
f the form 


yt + py + ay? +ry +s =0 (2) 


can be reduced to the normal form of Eq. (1) by the substitution 
of 
x — (p/4) (3) 


j= 


However, the explicit method of solution is generally quite tedi- 
ous. In the writer’s experience it has been found that for most 
types of quartics encountered, and for the type of accuracy usu- 
ally required by engineering calculations, it is usually easier to 
solve a fourth-degree equation by trial-and-error or by means of 


another approximate method. 


REFERENCE 
1 Burington, R. S., Handbook of 
9, Handbook Publishers, 


Mathematical Tables and Formulas 


3rd Ed., p Inc.. 1948 


Author’s Reply 


F. A. Lee 
Structural Dynamics Group, Structural Research Unit, 
Boeing Airplane Company, Transport Div., Renton, Wash 


September 13, 1960 


HAVE ATTEMPTED TO DETERMINE the overlap between my pro- 

posed method! as published in Readers’ Forum of last Sep- 
tember and that of Ferrari, Descartes, or others, and have found 
the following which might be of interest. 

(1) Ferrari's method and the method proposed are not identi- 
cal. Ferrari's method involves the concept of completion of 
perfect squares, while mine rests on consideration of quadratic 
factors. Also, Ferrari’s ‘“‘resolvent cubic’’ form (based on omis- 
sion of the cubic term from the quartic equation) is different from 
mine because of the basic difference in initial mathematical ap- 
proach. 

(2) The method suggested by Descartes is indeed the same as 
that proposed. I have conducted quite an extensive literature 
search in the University of Washington L‘brary in an effort to 
determine the nature of Descartes’ method, however, I have 
been unable to find any reference to such a method in any of the 
available textbooks on college algebra. This method does appear 
in ‘Theory of Equations’’ (see reference 2). 

3) Professor Leissa’s comments are interesting in providing 
another approach to the solution of a more general type of 
quartic equation. However, the method listed in Burington’s 
Handbook differs again in that it is described as Euler’s method 
(see reference 2) and involves the assumption of the explicit ir- 
rational form of roots. 

Upon review of my initial Readers’ Forum article, I find that 
an implication as to nonexistence of any other methods of solu- 
tion could be drawn although such was not my intent. The 


Ww 


Ww 


Descartes’ method is new to me and I hope my reviewers 


will excuse this oversight 


REFERENCES 


1 Lee, F. A, A Notz for Finding Complex Roots of a Spectal K O 
Equation, Journal of the Aerospace Sciences, Readers’ Forum, Vol. 27 
No. 9, pp. 714-715, September, 1960 

? Burnside, W. S., and Panton, A. W., Theory of Equations, Vol. I, Chapt 
VI and Note A, Dublic University Press, 1918 
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Comments on ‘‘Rarefaction Effects in Low- 
Speed Turbulence’”' 


S. Corrsin 
Professor of Fluid Mechanics, Mechanics Department 
The Johns Hopkins University, Baltimore, Md 
August 8, 1960 
ee MEASUREMENTS of turbulence at low density given in 
reference 1 are interesting and important, but I should like 
to comment on the authors’ heroic assertion: ‘‘These results are a 
refutation} of a fundamental premise of turbulence theory that 
for all practical conditions the fluid may be regarded as a con- 
tinuum, and hence the validity of the Navier-Stokes equations 
may be assumed, even when applied to the smallest scale com 
ponents of the motion.” 

In fact, the use of the Navier-Stokes equations in turbulence 
theory is regarded by turbulence-research people as simply a 
restriction to cases in which the Navier-Stokes equations are 
applicable—e.g., to gas flows in which the Kolmogorov microscale 
is much larger than the mean free path 

Thus, nothing has been refuted; the authors have, however, 
pushed forward the frontiers to give us an empirical estimate of a 
qualitatively known restriction. 

The usual criterion for estimating whether a particular tur- 
bulent gas flow fulfills the continuum restriction is derived from 
the identity which states that the Kolmogorov Reynolds number 


is unity: 
nv*/y l 1)2 
where 
n (v3/¢)1/4 and v* (ve) 1/4 la,b 
are the Kolmogorov microscale and velocity, respectively. vy is 


kinematic viscosity; ¢ is time rate of viscous dissipation of 
turbulent kinetic energy per unit mass 


With a gas-kinetic estimate for vp, 


ral (2) 
[] = mean free path; c = rms molecular velocity or sound 
velocity|, Eq. (1) gives 
L/n A v*/¢ 3)* 
the Mach number of the ‘‘small eddies.”’ 
An equation in more accessible variables follows from Eq. 
lb) and G. I. Taylor’s form for ¢ in isotropic turbulence, 
e = v(Ou;/Ox).)(Ou;/Ox_) = 15 v(u’?2/r?2 4) 
Here u’ V w?, the rms turbulent velocity component; A is a 
Taylor microscale, actually defined by Eq. (4 Then Eq. (3) 
becomes 
- , e / un - 
U/ & (0.5/A Ry)(u'/c) = (0.5/Y Ry) M- (u'/l 5)8 


Ry u'd/v is a turbulence Reynolds number,’ 1/7 is Mach 


number, U’ is mean velocity 


T Italics mine 
* The interpretation of a Reynolds number as the ratio of a Mach number 
Gastheoretische 


and a Knudsen number is apparently due to von Karman 
1923 


Deutung der Reynoldsschen Kennzahl, ZAMM., Vol. 3, pp 
I am uncertain who originally devised this particular relation for turbulent 
I first heard it, in 1950, at a lecture by J. von Neumann 


395-396 


motion ; 
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Eq. (3) of reference 1 appears to be incomplete. Its basis is 
not indicated there, but a more appropriate form follows from 
Eq. (5): first introduce the theoretical relation 


Ry ~ VR, (6)2 


where Rz, u’L/v, and L is an integral scale of the turbulence. 


Empirically, it is observed that for given geometry 


L~D (7)4 
D is a characteristic dimension of the system. 
With these, Eq. (5) becomes 
I/n ~ (M/Ro'4)(u’/ 0) 34 (8) 


[Rp = UD, vj. 

This permits estimating wu’, U as a function of 1/n provided the 
Mach number and Reynolds number are kept constant. An 
important aspect is that Mach-number effects cannot be ignored 
in Eq. (8) no matter how small M is. 

Finally, it is obvious that Eq. (8) can be valid only for ‘‘small”’ 
amounts of slip because the basic relations come from continuum 


theory. 


REFERENCES 

1 Mickley, H. S., and Turano, A., Jr., Rarefaction Effects in Low-Speed 
Turbulence, Journal of the Aerospace Sciences, Vol. 27, No. 8, pp. 629-630, 
August, 1960. 

2 Batchelor, G. K., The Theory of Homogeneous Turbulence, Cambridge 
University Press, 1953. 

3 Corrsin, S., Outline of Some Topics in Homogeneous Turbulent Flow, 
J. Geophys. Res., Vol. 64, No. 12, pp. 2134-50, December, 1959 

4 Corrsin, S., Simple Theory of an Idealized Turbulent Mixer, J. AIChE, 
Vol. 3, Section 3, (see ‘‘for example’’): pp. 329-30, September, 1957 


Authors’ Reply 


Harold S. Mickley* and Anthony Turano, Jr.** 

Department of Chemical Engineering, Massachusetts Institute of 
Technology, Cambridge, Mass. 

September 26, 1960. 


s PROFESSOR CORRSIN POINTS OUT, it has indeed long been 

recognized that the Navier-Stokes equations are not always 
valid. Dr.G.K. Batchelor (reference 2, page 5) states: ‘‘It has 
occasionally been speculated in the literature of the subject that 
since turbulence is a mixture of many different length scales, there 
may exist some subsidiary motions whose length scales are so small 
as to be comparable with the mean free path (for a gaseous med- 
ium), and if this were true, the Navier-Stokes equation certainly 
would not apply to these small-scale motions.’’ Dr. Batchelor goes 
on to remark: ‘‘However, the action of viscosity is to suppress 
strongly the small-scale components of the turbulence, and we 
shall see that for all practical conditions the spectral distribution 
of energy dies away effectively to zero long before length scales 
comparable with the mean free path are reached. As a conse- 
quence we can ignore the molecular structure of the medium and 
regard it as a continuous fluid.’”’ In reference 1 it was our desire 
to point out that ‘“‘significant rarefaction effects do occur in 
practical systems at pressures far higher than previously have 
been suspected.” 

Eq. (3) of reference 1 is actually an extension of Professor 
Corrsin’s Eq. (8). Space limitations prevented its derivation 
and extended discussion. The intermediate steps in our deriva- 
tion of Eq. (3), reference 1 are very similar to his development 
of his Eq. (8). We extended the treatment in order to obtain a 
relation which would be more immediately useful in the problem 
of modelling, recognizing that in many cases measurements of 
turbulent intensity would not be available. Our basic addi- 
tional assumption was that as long as continuum relations were 
valid, the turbulence intensity in the wake of the turbulence- 
generating device would be of the form 


* Professor of Chemical Engineering. 
** Now employed by the Esso Standard Oil Company, Baton Rouge. La. 
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u'/vy = o(Cp)/f(R/D) 1 


where Cp is the drag coefficient of the turbulence generator, 
R the downstream position vector, and D a characteristic system 
dimension. For sufficiently high Reynolds numbers and in the 
absence of significant slipflow, presumably g(Cp) and f(R/D) are 
functions of the system geometry only. This is borne out, for 
example, by measurements of turbulent intensity behind grids 
in the early decay period. We then substituted Eq. (1) above 
into the equivalent of Corrsin’s Eq. (8); giving Eq. (3) of refer- 


ence |: 
u'\3/4 MM e(Cp) |7/4 M 
l/n ~ 1/4 | 1/4 
‘ Rp T(R D) Rp 


= AM/Rp'/4 


(To avoid confusion we use / here to denote the mean free path 

It then follows that if a device exhibits rarefaction effects be- 
ginning at a given value of M/Rp!/4, a geometrically similar 
device should do so also provided the continuum and Reynolds- 


number limitations are observed. 


REFERENCES 
! Mickley, H. S., and Tureno, A., Jr., Rarefaction Effects in Low-S peed 
Turbulence, Journal of the Aerospace Sciences, Vol. 27, No. 8, pp. 629-630, 
August, 1960. 
2 Batchelor, G. K., The Theory of Homogeneous Turbulence, Cambridge 


University Press, Cambridge, Mass., 1953. 


Turbine-Nozzle Wake Prediction 


R. Hirschkron* and J. M. Healzer** 
General Electric Co., Lynn, Mass., and Technical Education, 
Schenectady, N.Y., Respectively 
August 12, 1960 
SYMBOLS 


do nozzle throat 
Ki 6.502 X 10~5, constant 


* Manager, Turbine Aerodynamics Small Aircraft Engine Dept 


** Engineer 
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Fic. 1. Nozzle wake flow path. 
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oT pressure distributions. It is shown that, for the class of outer 
pressure distributions considered, the governing equations have 
ttor, a series solution whose coefficients are governed by second-order 
tem linear differential equations which have known solutions. The 
the resulting expression for the skin-friction coefficient shows that 
are the pressure gradient has a second-order effect. The problem in 
lor the absence of pressure gradient has been discussed by Schaaf 
rids and Sherman! and Hasimoto.? 
ove The governing equations are assumed to be the laminar bound- 
fer- ary-layer equations for an incompressible flow. These equations 
can be written as 
UU, + VUy VVz + vttyy (1) 
3 
a Ur + Vy 0 (2) 
th 4 A A where V is the free-stream velocity and v is the kinematic vis 
be- cosity. The slip-flow boundary conditions, assuming reflection, 
ilar are 
lds- 
“2 - “ . -—_ ,= , a ’ x 2) 
Fic. 2. Mixing lengths calculated from two air turbine tests u = Luy, : O at y 0 a-- Vasy- (oO 
a where L is the mean free path. 
l mixing length oan one : _ . , 
. The boundary conditions can be simplified by introducing von 
peed Ps static pressure ‘ 7 7 pre : . . 
630 Pra average total pressure Mises’ transformation. This transformation reduces the govern- 
APrn total pressure difference, max.-min ing equations and boundary conditions to 
idge te = nozzle trailing-edge thickness 
X streamline distance from nozzle trailing edge to point of in- uuz = VV. + vu(uny)y (4 
terest (see Fig. 1) 
u perturbation velocity and a? = 1/L at y = 0, ere Vasy ae (5) 
l mean velocity 
} coordinate axis perpendicular to streamline Intré ducing the dimensionless quantities 
HE PERSISTENCE of nozzle wakes through the downstream ‘ y . 
. ine “ s z/L, « = ¢/p, V = (»p/L)A(s), 4 (v/L)x(s, «) (6) 
rotor has been long appreciated. The following test results 
show that the decay and extent of the wakes can be predicted. one obtains x[xxele — xx, + Ah’ 0 (7) 
From Prandtl’s mixing-length theory, an expression for the 
ion ‘ . . a i ° A — P , ’ (R 
’ velocity perturbation u, can be derived if a mixing length / is and Xx =1 at oa 0, x—> h(s)asa— a (8) 


postulated proportional to (dy) + ¢,), the nozzle spacing in the i ; ; 
It will be assumed that has a power-series representation 


streamline direction normal to the flow!: : : ; ‘ , 
As a result of this assumption, it has been found useful to intro- 








U fit dh\? (2. +h 27Y duce the transformation 
“= : = cos (1) 
873 l x te + do . , , 
é as 8 n at(s) (9) 
Circumferential traverse data obtained behind the rotors of 
two completely different turbines were reduced to compute a h(t) > 1,£” hi (2 
ae . an : 3 ant", xX i(s )e(E, ) 
mixing-length ratio. The total and static pressure measured 0 - 
on a wedge probe in one case, and a cobra probe in the other 
case, were used in an expression derived from (1) above: where f(&) 1/th and ay #0 (10) 
APrw _ [do + te\? [do + te\4 me Substituting Eqs. (9) and (10) into Eqs. (7) and (8), one finds 
= 1 (2) 
Pra — Ps X l , . en 
P ¥1EEn In — (¢ 2)[th’(e — 1/¢) 4+ 
From Eq. (2) a mixing length / was found for each radial station thee — (h + th')ngy O (11) 
where a circumferential traverse was accomplished. ‘ 9 
a K Epa . and ¢n = Eat yn 0, g—~>lasn— «a (12) 
Fig. 2 shows the resulting mixing-length ratios //(d) + t,) 
plotted against ¢./(dy) + ¢.). There is a clear empirical correla- The solution of Eq. (11) is assumed as 
tion between the mixing length and trailing-edge blockage 
I parameter. For a large trailing-edge blockage, the mixing ¢ Zz > ¢n(n)E” (13) 
i length is small and hence, from Eq. (2), the wake will persist n=1 s 
further downstream. ; : Bates : , 
with the functions ¢, satisfying the following boundary condi- 
REFERENCE tions: 
Olsson, R. Gran, Geschwindigkeits und Temperaturverteilung hinter einem ot x i: en’ = (0, n>2atn 0, on’ —~>Oasn— mo (14) 


Gitter bei turbulenter Strémung, ZAMM, Vol. 16, pp. 257-274, 1936 
Substituting Eq. (13) into Eq. (11) and letting 


th’/h = > by, =", bh = 0 (15) 
0 


—_____—_- + — 


On Skin Friction in the Slip-Flow Regime 


one finds that the functions ¢, satisfy the following linear equa- 


H. A. Hassan 

Associate Professor, Department of Aeronautical Engineering, tions: 

Virginia Polytechnic Institute, Blacksburg, Va. ; 
gn” + (ao/2)[nen’ — nen) | = (16) 


August 19, 1960 
; where 
r | NHE OBJECT OF THIS NOTE is to give an expression for the shear- 


ing stress in the slip-flow regime for a certain class of outer Ry = 0 (17a) 
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n—1 n—l1 n—k ~ 
defined as 
Rot =—2  & Sk Pi = ie > Pm Pk Pn—m—k "— “ 
k=! k=1 m=1 E,(z) = En, (é)aé 
Ln( Z) = tn & Da, 
n—1 n—1 n—k ; = sia 
2. a ‘Pn ,' = bx 2. Pm Fk ’Pn me + E,(z ae (9 F Vd ) 
k=1 k=1 m=1 i Ma li fe z SS = 
f n—1 t—I r ; , —— ‘ 
(1/2) 4 n i AkGn—-k + Ao p (n — k)geen-i 4 Therefore, the solution of Eq. (19) can be written as 
k=1 k=1 F, E,/8 (21a) 
n—l1 n—k n—1 
=. Zz. (2 — M™)akOm¢n—m—k — 1 . # al + R)gn-’ — and 
=] m=]! k=] . 
n—1 n—1l nxn—k F, a En | lexp (—7?)/E,,?] X 
0on S enges! — 9 Sault + Bomerne’t (17d z 
k=1 k=1 m=1 \ \E PR / : 
) exp (£°)E,R, id ¢ dyn (21b 
Letting Yn B7F,, 4 = BZ, 68? = 4/ao (18) ’ 
ar ne where c, is a constant to be determined from the condition 
q. re - . ~ 
1 F,'(0) =0, n>2. 
> 97K! ‘ my _ y P ° 
F,,” + 2ZF,' — 2nF, = Ra-a(Z) (19) Both numerical and analytical methods can be employed 


It is known that the homogeneous part of Eq. (19) is satisfied in carrying out the integration in Eq. (21b The latter approach 
by the repeated integrals of the error function; these integrals are is used here and it has been possible to give a closed-form expres- 


sion only for m = 2. However, for m > 3 the integrals can be 


expressed in terms of convergent power series 





Using Eqs. (14), (17), (18), (20), and (21b), one obtains 








F, = (1/2){(7/2)E: — (Ei? + EyE:)} + (a8/4)[Ei — VrE: + 2 exp (—Z?)/3-Vz] (22a) 
F; = —B6}2(1 + 1/m)E; — (7/8)(8E,E2 + EyE;) + Ei3/4 + (8/2)E2,E,E) — [exp (—Z?)/2Vr][E2? + 4E;? + 32E; 4 i} — 
(B2a,/2){ Wa(1 + 47/62) Es + (7E)/24) + (W2/4)(8E:E2 + E,E3) — 11E2E)/15 — [exp (—Z?)/2VWrJEi — 
Zlexp (—Z?)/2V/ wr] [Ex — 13E,2/30 + (3/10)(E3? — Ex?) +... ]} + (83a)?/4)(| —E; + Wx E)/12 — E,/8 — 
[exp (—Z*)/9v/x][Z? + 23/8]! + (Ba2/2)[Ei/4 + 3 exp (—Z?)/8V/x — E;] (22b) 
Therefore, using Eqs. (13), (18), (21a), and (22), one obtains the following expression for local skin-friction coefficient : 
C, = (28?/h){ (1/6?) — (E/B Vm) + [5/16 — 1/20 + ab x(5/124 — 1/16) |e + 
jog / -/e / 2 i 2 F > 2 > le 2 
{— (19 36ry ied 17 64 wr) — (B*ay 4)(1 i 1/7) + (B%ai*~v T 48)(1 — 22/37) a 11Bae Sy Tir T { (23) 
In conclusion, it should be remembered that the assumptions —— : - 
introduced are rather restrictive because the range of Knudsen 
number that defines the slip-flow regime requires a large Mach Consider the general case of transient one-dimensional heat 
number or a small Reynolds number or both. Therefore, the conduction as shown in Fig. 1. The material is assumed to have 
results obtained are expected to give first-order estimates in the constant properties and the heat flux is time-dependent. For 
low-Mach-number range. this case, the basic differential equation for heat conduction 
and the initial and boundary conditions are: 
REFERENCES 
ers [T+ +) 
1 Schaaf, S. A., and Sherman, F. S., Skin Friction in Slip Flow, Journal of oT (x, t) = ori (x,t DR <ex ie (1) 
the Aeronautical Sciences, Vol. 21, No. 2, pp. 85-90, 144, February, 1953. ot Ox? iat ~ 
2 Hasimoto, H., Boundary-Layer Slip Solutions for a Fict Plate, Journal 
of the Aeronautical Sciences, Readers’ Forum, Vol. 25, No. 1, pp. 68-69, T(x,0) = T; = constant (2) 
January, 1958. 
o7(0, t) 
= (3) 
Ox 
Jae — a 
OT(a, t) 
k = g(t) (4) 
Ox 
One-Dimensional Heat Conduction With where g(t) is the heat flux at the boundary «1 = a. Only aero- 
Arbitrary Heating Rate dynamic heating effects such as gas convection and gas radiation 
- from the shock layer are considered. Surface radiation to 
Shih- Yuan Chen space has been neglected for simplicity, since it is at least one 
Chief, Aerothermodynamics Unit, Aero-Space Division, order of magnitude smaller than the aerodynamic heating rate 
Boeing Airplane Company, Seattle, Wash. or can be included by iteration methods. Let 
August 14, 1960 
x= ag (9) 
ih psibeapepmamesaa HEAT CONDUCTION with arbitrary heating Patel (6) 
rate at one boundary while the other boundary is insulated 
has become a problem of interest in recent years in hypersonic- O& 7) = T(x, t) — Ti (4) 
vehicle design. The problem with variable coefficient of heat (a/k)g(t) = Q(r) (8) 
transfer and variable adiabatic wall temperature without phase 
change was given by Chen.! However, when a vehicle re-enters Introducing these definitions into Eqs. (1)—-(4), we have 
the earth’s atmosphere, its surface temperature is small com- 30 3%/2 a - 9 
° . = * i _ << (9) 
pared with the gas temperature and can be neglected. For Or . thle es 
this case, the heating rate at one boundary becomes a time 6,0) = 0 (10) 
function g(t). Sutton? has presented solutions for the case 
where q(t) is represented by a power series. The solutions a = Or) (11) 
presented here are for an arbitrary time function g(t). o£ 
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of 


—Q7r) (12) 


and Qs) 
respectively, where s is the Laplace-transform 


Let A(g, s be Laplace transforms of the temperature 


a(t, 7) and QO(r 
to (12) become 


parameter Then Eggs. (9 


sO d*6/dé (13) 
da(1,s 
Ms (14 
dé 
do(—1, s) 0 15 
—_ (Ss) (19) 
dé 


The solution of the transformed problem becomes 


‘ Or s) cosh +/s & , 
6 : (16) 
Vs sinh v/s 


Let o(£, 7) denote the temperature distribution when Q(7) ] 
The solution of this transformed problem equals V(é, s) or 


ae cosh y sé - 
V(é, s) = (17) 


53/2 sinh +/s 


"cosnmré (18) 


6 ” >> — ene 


Assume that Q(7) is continuous, that Q’(r) is sectionally con- 
tinuous, and that these functions are of exponential order; then 


[L}Q(r)} + Q(O)IV(E, s) (19) 


Consequently, one has the solution: 


Py 
Q(é, 7) QO 7) + f Q’ (+ — t)v(é, t) dt 
0 
+2 T 
— l 
Q(r) + Q(r — t) dt 
6 0 


2010) = (-—1)” as 
_ e ™’T cos nwt 


9 9 


x? n=] 2n? 


9 a 1 yn 7 
i > n2 cos nrg O"(r — the" *™7 dt (20) 
Tv n=1 0 
Hence 
1 T 3x? — a?* a 
(x, t) 7 qt) — = ey 
i bak aa _w t)dr 
2a (—1 " a2\s xz 
_ g(O) 3 : ere st COS Nr 
kr® n=1 sai ” 
2a (—1)’ x ; 
gate : pi cos nr - q(t — rie wa/@ dr 
kr’, 1 n- aJo 
(21 
for 0 x <aand 7(a,t) < Tq 


The convergence of the series of Eq. (21) is rapid for large 


time. For small time the exact solution of Eq. (1) can be re- 
written into a different form, namely 


21 
in Va : l [(2k+1)a+x]? 
, 7 oa, _ 
T(x, Pe a » | qi . é dar dr 
V™ r=0/0 Ala 
Va - : l [(2k+1)a+x]? 
+ g(t — r) , — de (29 


kV 7x ;, -() 


/J0 
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4 INSULATED SURFACE 


Fic. 1. One-dimensional heat conduction with arbitrary heating 


rate 
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On the Gradient Functions for Nonequilibrium 
Dissociative Flow Behind a Shock 


Cheng-Ting Hsu 

Associate Professor, Dept. of Aeronautical Engineering, 
lowa State University, Ames, lowa 

October 17, 1960 


T= GRADIENT FUNCTIONS of flow variables behind a curved 
shock in a vibrational relaxing flow were evaluated by 
Sedney.! The present note deals with those functions in the 
case of a nonequilibrium dissociative flow 
The dynamic equations of motion! in a steady isoenergetic 


flow using natural coordinates (see Fig. 1) are 


d 1 Op 1 Og o8 e sin 0 
Continuity + - + = ( (1) 
p OS qd Os on y 
Og Op 
Momentum pg (2) 
Os Os 
00 op 
pq? : (3) 
Os On 
Energy dh + qdq 0 (4) 


where p, p, h, g, and @ are the pressure, density, enthalpy, velocity 
and flow inclination, respectively, s and m are the distances 
along the streamline and its normal direction, respectively 
€ 1 is for axisymmetrical flow and « 0 is for two-dimensional 
flow. y is the distance from the axis of symmetry 

The thermodynamic aspect of a nonequilibrium dissociated 


gas (e.g., Ne) is treated below. Consider the dissociation of a 
unit mass of the mixture, the chemical equation is represented 
as Ne = 2N 
the masses of the reacting N and No, respectively; then dm, 

If the enthalpy of a mixture 


Let a be the degree of dissociation, m, and me 
vida where », = 1 and pv: —] 
of perfect gases is chosen as a function of p, S and m;, the second 
law of thermodynamics may be written as 

dh = TdS + (dp/p) + > pivida ({ 


1 


where S is the specific entropy and yu; is the chemical potential. 








338 JOURNAL OF THE AEROSPACE SCIENCES—APRIL 1961 











Fic. 1. 


2 


In ternis of Gibbs free energy,? we have 
=. wivi = (0G/0a)p,7 (6) 
: 


Combination of Eqs. (4), (5), and (6) results in 


TdS = —gqdq — (dp/p) — (0G/da)»,7 da (7) 
The Gibbs function* for a mixture of thermally perfect gases 
may be written as 
G = alw(T) + RiT In p,] + (1 — @) [wo T) + ReT In po] (8) 
where 


fA = 2ap/(1 +a), pPp=(l—ea )p/(1 + a), p= (1 + a)pR2T 
(9) 


- a dT = 
and wi(T) = ff coat —]7 f+ . + Io; — So;7 (10) 


i d 


The subscripts 1 and 2 indicate atomic and molecular nitrogen, 
respectively. R is the gas constant and R; = 2R». Substituting 
Eq. (9) into Eq. (8), and differentiating Eq. (8) with respect to 
a for constant p and 7, we obtain 
(0G/0a)p,7 = o(T) — wT) + ReT In 4a?2p/(1 — a?) (11) 
Substituting Eq. (11) into Eq. (7), it gives 


dp 


4< 2 
TdS = —qdq — — E T) — w(T) + ReT In ; : = »| da 
ae 


(12 


The bracket term indicates the degree of flow nonequilibrium 
For equilibrium flow this bracket term vanishes? while for 
frozen, flow da = 0. Taking the directional derivatives of 
Eq. (12) along the streamline and its normal directions re- 


spectively and making use of Eqs. (2) and (3), we have 


oo se ss = 4a? Ow 
7 = — | w(T) — w(T) + ReT In p (13a) 
Os l — a? Os 
oS, 08 dg 
7 = ¢ =~ @ — 
on Os on 
oe ee _ ta? Oa 
wi(T) — w(T) + RT In a (13b) 
1 — a? on 


Multiplying Eq. (2) by g/I'p and combining with Eq. (1) 
it gives 


Og 1 Op 1 Op O60 
(M,? — 1) Tg _ —g = 
s rp Os p OS on y 


€g sin 0 


(14) 


where My? = g?/(Tp/p) is the frozen Mach number and 


dQ / dQ aCp, +(l—a \Cp, bi 
DT = Cy/Cy = a i. oe = - (15) 
dT) pal \dT]va aly, + (1 — aden, 


which is the ratio of specific heats at frozen condition. In 
order to eliminate p and p from Eq. (14), we need the entropy 
function, which may be written® as 


dp, dp. 
+ (1 — a) $f og Ee = ff en + (s"y,b (16a) 
\ P; Ps f 


f dT J ff aT | ; 
or S=a ) Cy = — Riln p + Sug + (1 — a) J Co, rT R2 In pe + Sor ¢ (16b) 


as (2 op 

since = a8 
Os Op) p,a OS 

with the use of Eq. (9), it is easy to obtain from Eq. (16a) that 


(OS/OP)p,a = Cu/P, (OS/Op)pa = — Cy/p (18) 


using the relation obtained by Wood and Kirkwood? 


os os Ov ft OV 
= — Cp 5 7 aa (19) 
Oa/ p,o Oa/ »,T Oa/ p,T OT / p,a 


together with Eqs. (9) and (16b), we have 


os r dT 4a*p 
= f (Cp, — Cp) = — Re In aa 
Oa) pp 7 1 — a’ 


So 


Cp 


— So (20) 


bee 


1 


Substituting Eqs. (18) and (20) into Eq. (17), and using Eq. 
(13a), we obtain 


1 op Oe = ( ‘. lp \ da — 
rpods pds lta cCpT/ os - 


where lp = ky — fe is the heat of dissociation. Eq. (21) is 
valid for a mixture of calorically imperfect gases which, in other 
words, is in vibrational equilibrium. Further substitute Eq. 
(21) into Eq. (14); this yields 


Q 1 1 F) 0 
(My? — 1) 14 ( = ae eee a 


eg sin 0 
Os l+a Cl Os on y 7 


0 


(22) 


dp . ( 25) da e 
- + (17) 
pia OS Oa/ pp OS 


Let o be the distance along a curved shock. The derivative 
along the shock is 
0/00 = cos A(0/Os) + sin A(0/On) (23) 
where \ = 6 — @ is the angle between the shock and the stream- 
line (see Fig. 1). Since 0/00 = (08/00)(0/08) = K,(0/08) 
where K,, is the shock curvature, we have 


0/dn = [K,,(0/0B8) — cos (0/ds)] /sin 24) 


Substituting Eq. (24) into Eqs. (22) and (13b) and using 


Eq. (13a) and the frozen condition along the shock 0a/0s6 = 0, 
the above equations become, respectively, 
Og o#9 e sin 6 : - - a 
(M,? — 1) + cot Ar = +ft+- K, (25) 
gos Os y sin A 
og 06 Tete . . 
cot A +g = K.(fe + gK1)/g sin (26) 
Os Os 


where 


K, = 294/08, Kz = 20/d8 


( Ip 1 ) da 
fi = _— = 
Cool 1+ a/ Os 


1 1 1 
(22-1) tear -a 
Tq Col l+aea 


fo = T(2S/d) 
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where 7 is the relaxation time and a, the equilibrium value at 
pand 7. Egs. (25) and (26) are similar to the corresponding 
equations of Sedney’s, except for the different meaning of fj 
\]] the terms on the right-hand side of Eqs. (25) and (26) are 
known from the given boundary conditions behind the shock, 
which may be evaluated from the frozen conditions. Solving 
Eqs. (25) and (26) for 0g/d0s and 06/0s, one obtains 


7] ee eo r _ 
= FikK, + F, + fi cot A/D (27) 
Os y 
1 Og eS - 
= F;K, + F, — gfi/q.D (28) 
da. OS y 
where F, [( 1 — Mpy?)(K, + fe/q) + gK cot A gD sin A 
F, = sin 6 cot A/D 
Fy = (Ki + fe/q) cot  — gK:l/qaD sin d 
F; = -—g sin 6 ea. D 


D = 1 — M,?+ cot? A 


(1), and (4), the gradients of p, p, and 


By the use of Eqs. (2), 
T can be obtained. For nonequilibrium vibration, both D 
ind f; are positive.! The effect of vibrational relaxation! is 
to increase the streamline curvature and decrease the velocity 
gradient. For nonequilibrium dissociation, the sign of f; depends 
on the value of (lp/c,,7) — 1/(1 + a@) which, in general, is 


positive 
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On Moderately Separated Viscous Flows? 


Martin H. Bloom* 

General Applied Science Laboratories, Inc., Westbury, N.Y 
and Polytechnic Institute of Brooklyn 

August 19, 1960 


SYMBOLS 


\ shape parameter, (petter/ue) (pe/pw)in?/C (analogous to A of refer 
ence 4) 
index, 0 for two-dimensional flow; 1 for axially-symmetric 
flow 
B see Eq. (da) 
( ph) w/(puje 
D shear-stress parameter rty(RA Pette?), (6RN'/24,,/ te) 
2(tte/ Meg) (69/6) (1 A/Aj) 
Hi; 
see Eq. (2b) 
F(K) see Fig. 2 
enthalpy 
H form factor, 6*/6 
H constant-density form factor ( fi), (6*/8); 
K (0/5n)? A, a function of A 
y 
\ transformed norma! coordinate (1/é5,) (p/ pe)dy 
A 
Ry Reynolds number, [(peve/pe) (Ue/ter) | 
boundary-layer thickness 
_f'6 
6 boundary-layer thickness, transformed (p/ pe) dy 
6 
displacement thickness f (1 — pu/pete) dy = 


1 
bn ‘ (pe/p — u/ue)dN 


t This study is part of a project sponsored by the Re-entry Body Section, 
Special Projects Office, Dept. of Navy, Bureau of Naval Weapons, under 
Contract No. NOrd-18053 

* The author expresses appreciation for discussions with Dr. Lu Ting in 
connection with this model 
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\ 
\ instanton 


Fic. 1. Separation-flow model 


ba) 
6 momentum thickness J pu/ pete) (1 — u/ue)dy 


1 
bn f u/ue)(1 — u/u-)dN 
c 


Tu surface shear stress, uty 


Subscripts 


A denotes reattachment point 
e local inviscid flow 
i constant density 


initial (separation) point 
u surface 
x,y partial differentiation 


F Spencers OF SEPARATED FLOWS connected with surface 
concavities, forward- or rearward-facing steps, spikes, base 
flows, and shock-boundary-layer interactions, usually involve 
assumptions concerning aspects of the flow geometry such as the 
shape and location of a bounding streamline.';? In shock- 
boundary-layer interactions,* separated or not, the viscous-flow 
geometry is defined by viscous-inviscid coupling through stream- 
line deflections, and prescription of the pressures corresponding 
to shock compression at bounding upstream and downstream 
stations. 

This note presents a relatively simple procedure for estimating 
viscous characteristics of a class of separated flows describable in 
terms of the boundary-layer approximations, in particular, with 
negligible pressure variations normal to the surface. The use of 
boundary-layer coordinates obviates assumptions concerning 
surface or flow geometry. Such flows, designated ‘‘moderately 
separated,’’ may occur at flare-junctions, in shallow concavities, 
or in shock-boundary-layer interactions. For present purposes, 
the usually-increasing streamwise pressures are assumed to be 
prescribed, more complex coupling not being considered. 

In the flow model shown in Fig. 1,* the initial station is taken 
at a separation point, however, it may be taken anywhere prior 
to this point. Subsequent velocity profiles indicate reverse flow 
and imply a separated bubble. Reattachment, if it occurs, is 
assumed to take place when reverse flow vanishes at some down- 
stream station so that a profile of separation-point type exists 
there. Downstream of the reattachment point, the usual type 
of forward-flow profiles may be reinstated. In accordance with 
the conservation of mass, the streamline which emerges from the 
separation point terminates at the reattachment point, thus 
delineating a bubble 

An integral method analysis along well-known lines,‘ but with 
emphasis on reverse-flow profiles, is utilized. Here the method 
in reference 4 is extended to take into account surface heat trans- 
fer and bodies of revolution. However, in this paper emphasis 
is placed on the velocity field, which is virtually uncoupled from 
the thermal field by means of the well-known density transforma- 
tion. The thermal characteristics can be determined without 


undue complication. 

















340 JOURNAL OF THE AEROSPACE SCIENCES 
228 
a 
| 












] 
$—}— 
& 
\. 







20 


+ 


bia OA 
| AAMAMEXER PP 
| | ARE MARKE 
a 

| | 


a ee 


n 
Y } 
1% —|— 




































































) é 
Fin) J : 
‘225 eS2) 
ore. =e 
| | | 
ve on oe oe a 
| 7 | 
12 
-6 
7 
1.0 
08 10 se S4 S6 48 


(-“”) 


Fic. 2. F(K) and A as functions of K. 


The momentum integral equation is 
07/2 + 67[((H + 2)(uer/te) + pez/Pe + brz/r] = TwO/peue? (1) 
where: u is streamwise velocity, p density, r body radius, 7, = 
mu Uy, is surface shear stress, u viscosity, x and y streamwise and 
normal coordinates, and other notation is given in the separate 
list. 

Assumption of a fourth-degree polynomial profile yields* 


u/ue = (2N — 2N* + NM‘) + (A/6)(N — 3N? + 3N? + M4) 








2a) 
where 
0. 26 
Mex - 
(“eyo & 
Og 1.8 
fa) 4.0 
1.0 COE 
0.96 
0.92 
Ye 
Ugo 
0.88 |— 14 
/ 
Ged lA - 12 
0.80 
Oo os a 6 & 40 


X(-Uex)o /Ueo 
Typical variations of flow parameters. 
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Tw9/ Pelte? = (C pe/ Pe Me f2o(K), fe = 0/5n,(2 + A/6), 
0/bn = 37/315 — A/945 — A?/9,072 2b) 


Eqs. (1) and (2) may be rearranged in the following form: 


d Ke PwC r® F(K) | u, 
: in| i ad | + [2 — H;) - K ~ 
Ute 


2(1 _ =f fo (K) ter 0 a 
Pu K Ue 
where F(K) is plotted in Fig. 2, for the extended range A > —28 
The functions F(A), H;, and fo(K) are tabulated in reference 4, 
Table 2.12 for A > —15. 
The momentum Eq. (3) is coupled to the energy equation (not 
However, it may be integrated together 


dx 


Uer 


given here) through H. 
with the energy equation by straightforward numerical means 
To permit the simplified integration of Eq. (3) for a representa- 
tive class of problems, the following approximation, which un- 
couples (3) from the energy equation may be considered reason- 


able: 
2(H — H;) — F/K B = aconstant average value (4) 
Furthermore, for the case where p, = pe, Eq. (3) becomes 


d/dx in [K pepwC r™ u2/uer| = 0 (5) 
An estimate for B may be obtained with the following approxi- 
mations: 


H — H; = (hy — h./h.)H; + u.?/2h, = 


a constant average value (6a) 


F/K = constant (+ —11 for —18 < A < 12) (6b) 


When Eq. (5) is integrated and the integration constants are 
evaluated at x = 0, the separation station, the following expres- 
sions are obtained: 


>h 


(K/Ko) [( pt) w/( pp) wo |( pw/ pe) [(tter )o/Mer \(te/Ueo )B(4/r)? 1 (7a) 
(0/00) pe/ peo )(Ue/Ue)/?!*(r/ro)” = 1 (7b) 


From Eq. (7a), the variation in K/K» and the physical param- 
eters dependent upon K may be calculated along the flow for the 
prescribed inviscid flow. If reattachment occurs, the value of 
K/Ko, which first exceeds unity, would return to unity. An 
analogous deviation and return to unity occurs for A/Ag (see 
Eas. 2). 

For two-dimensional constant-density flow, a typical inviscid 
velocity distribution which would lead to the reattachment of a 
separated flow is shown in Fig. 3. Also shown are the corre- 
sponding variations of velocity gradient, pressure, boundary- 
layer thickness, shape parameter A, and shear-stress parameter D. 
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Vortex Shedding From Thin Flat Plates 
Parallel to the Free Stream 


Andrew B. Bauer 

Aerodynamics Engineer, Douglas Aircraft Co., 
Santa Monica, Calif. 

August 22, 1960 


prone vortex-shedding frequency measurements have 
been made recently,! supplementing the earlier work by 
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Roshko? on bluff bodies. The tests were run in the GALCIT 


90-in. low-turbulence wind tunnel. Hot-wire equipment was used 
to measure shedding frequencies and flow speed.! 

It is well known that the vortex-shedding characteristics of 
bluff bodies are related to the distance between the thin vortex 
sheets which separate from the body.? In the case of a long 
body, such as a flat plate, the thickness of the boundary layer 
at the trailing edge, and hence the separated layer, may be large 
compared to the base thickness. One would then expect the 
ratio of boundary-layer thickness to base height to have an im- 
portant effect on the vortex shedding, as was found to be the case. 

Two different flat places of 12-in. chord and an NACA airfoil 

Both plates had round leading edges 
The ‘‘thick’’ plate was 0.250 in. thick; 


of 9-in. chord were tested. 
and blunt trailing edges. 
the “thin’’ plate was 0.040 in. thick. 
mental Strouhal number S for the three models plotted as a 
function of the model-chord Reynolds number 

Fig. 2 shows the experimental Strouhal number plotted as a 
function of 6*/d, the ratio of the ideal Blasius boundary-layer 
thickness to the plate thickness. This clearly 


Fig. 1 shows the experi- 


displacement 
shows the dependence of S on 6*/d. 
The relation 


(0.225 + 0.056 \/1 — ¢/V2)e 


1.54 (8*/d) — Cp 

where ¢ is the fraction of boundary-layer vorticity that goes into 
the Karman Vortex Street, may be derived by equating the 
well-known Karman Vortex Street drag formula to the sum of 
the (assumed) Blasius friction drag and the base-pressure drag 
This is also shown in Fig. 2, using an experimentally determined 
pressure coefficient Cy, of approximately —0.3 t is seen that 
this gives an experimental ¢ of about 0.5, which is near the value 
of 0.43 found for cylinders by Roshko? using a different method. 

A “wake Strouhal number,” similar to that of reference 2, is 
This is defined as 


S* = n(d + 26*)/U; 


shown in Fig. 3. 


where Us = ie C, U. Here (d + 26*) is used as an effective 
and wake width, and Uy represents the ‘‘free-streamline’’ ve 
locity? assumed to exist in the potential flow at the edge of the 
wake. Fig. 3 shows the leveling effect of using S*, but the 
values of S* are considerably greater than those for the several 
models of reference 2, where S* = 0.16 was obtained. 

Several interesting features of the flow may be seen in Fig. 1. 
At large Reynolds numbers, the thick plate showed a marked de- 
crease in Strouhal number. At the same time the hot-wire signal 
indicated turbulent bursts in the flow immediately aft of the 
plate, becoming more pronounced as Reynolds number increased. 
Thus, it appears that the transition to a turbulent boundary 
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Fic. 1. Strouhal number vs. Reynolds number. 
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Fig. 2. Strouhal number vs. 6*/d. 
20 baie Tt Di A 
Th LATE 
Fic. 3. Wake Strouhal number vs. Reynolds number. 


layer affects the Strouhal number. Since Fig. 2 was computed 


on the basis of a Blasius profile, the data taken at Reynolds 
numbers greater than 282,000 are omitted from Fig. 2 

The odd behavior of the thin plate at low Reynolds number is 
not understood. Here the shedding frequency in cps was con- 
stant except for the discrete jumps shown. 

As also shown in Fig. 1, an abrupt change in Strouhal number 
of the airfoil occurred at a Reynolds number of about 60,000. 
In fact, in this region it was observed that the Strouhal number 
would change between these two values at random, with no 
apparent disturbance being introduced into the tunnel operation. 
It is also interesting to note that this Reynolds number corre- 
sponds, as nearly as can be determined, to that for the ‘knee’ 
in the curve of drag coefficient versus Reynolds number of the 
12 per cent airfoils of reference 3. 

It is interesting to note that a recent paper by Tritton‘ shows 
jumps in the shedding frequency for the case of a circular cylinder 


at low Reynolds number 
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Thermal Buckling of Rectangular Plates 


Koryo Miura 
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ems BUCKLING of a plate simply supported by the web is 
analyzed when the system is subjected to an arbitrary 
plate. The 


symmetrical temperature distribution over the 











342 JOURNAL OF THE 
20 T T 
TEMPERATURE | | 
18 : a ea 1 — 


6 =@, ( i + T, sin Z& sin EE ) 














i 


K-00 
) 














THERMAL BUCKLING PARAMETER 


K;= 48 (ev) a Bar (E) 


@ay : AVERAGE TEMPERATURE RISE OF THE PLATE 
h =: PLATE THICKNESS 
Fic. 1. Thermal-buckling parameter for rectangular plate 
(rigid boundary). Kr’ is the approximate buckling parameter 
given by Eqs. (3)-(5) of the text withs = ¢ =i =j7 = 


buckling criterion is established and, furthermore, a simple for- 
mula for buckling criterion with reasonable accuracy for engi- 
neering purposes is obtained. Special attention is paid to 
exactly satisfying the boundary conditions, and the solution thus 


obtained is compared with that of Klosner and Forray.! This 
paper isa brief report on reference 2. 
The ideas and the principles of the author’s method are: first, 


by the use of Duhamel’s analogy, the thermal-stress problem can 
be converted into the isothermal problem subjected to an appro- 
priate imaginary hydrostatic pressure and imaginary body forces; 
secondly, two-dimensional plane-stress problems involving body 
forces can be solved rigorously by the principle of virtual dis- 
placements provided the displacements are given at the edges; 
and finally, these displacements expressing the boundary condi- 
tions can be so defined that the conservation of the straightness of 
the edges after heating may be satisfied. The stresses obtained 
in this manner can be used in calculating the buckling criterion 
of the plate. 

The displacements in the plane of the plate may be expressed as 


u(x) + 


@ x 


>» Am, sin (max/2a) sin (nry/2b) | 


u(x, y) = 


m even n odd 


v(x, vy) = nly) + 


(1) 


2. > Bin Sin (mrx/2a) sin (nry/2b) 


m odd n even 


where (x) and v(y) are the unknown functions of x only or y 
only, respectively, 2a and 2b are the dimensions of the plate. 
From this it follows that the requirement about the conservation 
of straightness of the web after heating can be satisfied in all 
cases, since the second terms on the right hand of Eqs. (1) vanish 
atthe boundary. Assuming the forms of (x) and u(y) include 
two unknown coefficients which are to be determined by equating 
resultant displacements of the plate and the web, and taking 
virtual displacements in the form 


6u = 5bAmpy sin (mmrx/2a) sin (nry/2b) | 
60 = 6Bmn sin (mrx/2a) sin (nry/2b){ 


we obtain the necessary equations for calculating the thermal 
stresses by the use of the principle of virtual displacements. 

The Rayleigh-Ritz procedure is used in calculating the ther- 
mal-buckling criterion and results in the set of simultaneous equa- 
tions that constitute a characteristic-value problem. A most 
representative example calculated is shown in Fig. 1. In the 
example, the boundary conditions about stress and deformation 
are satisfied exactly, and thus the solution is the exact one. 
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After due consideration of the results, it is possible to construct 
a compact formula for buckling criterion with reasonable accu- 
racy. In brief, generally this result can be written in the form 
Kr = 

(b/a)[s?2?(b/a) + t77?(a/b)]? 
s7i?7(b/a)Iz2(S, S, t, t) + QstijIry(s, s, t, t) + t272(a/b)Iyy(s, s, t, t) 
(3) 

where s and ¢ are arbitrary odd integers, 7 and j are 1 or 2, and] 
are values easily calculable from the temperature distribution in 
the plate. 


Example (1). Uniform temperature distribution: 


les a Toy ~~ l, Tey = 0 (4 
Example (2). 0 = @av(To + Ti sin (a2x/2a) sin (ry/2b)): 


iy oe Bee Fe 


—— 8 o b 4 a 
*Y Ox? 1 Na b 


In the second example, the formula and the calculated buckling 
parameter is shown in Fig. 1 as Kr’ compared with more accurate 
values. The effect of finite rigidity and the thermal expansion 
of the web can easily be included in this method 


4(b/a)? — 3v + 1 
4(b/a) + [(1 — v)/2](a/b) (5) 
4(a/b)? — 3v + 1 


Ti 
4(a/b) + [(1 — v)/2]|(b/a) 


COMPARISON WITH KLOSNER AND FORRAY’S SOLUTION 


By inspecting the boundary conditions imposed on the prob- 
lem, the validity of the solutions by Klosner—Forray and the 
author can be shown. The Klosner—Forray solution will be 
exact when the tensile rigidity of the web is zero, while the 
author’s solution will be exact when it is infinitely large. In the 
region located between these two limiting cases, both solutions 
give approximate values. From the fact that the thermal buck- 
ling of rectangular plate simply supported by the web is mainly 
due to the restriction of expanding plate by the web of lower 
temperature than the plate, and that even if the web is weak and 
the buckling is due mainly to the nonuniformity of the tempera- 
ture distribution in the plate, such distribution may not happen 
in such a weak web or, in other words, a weak-heat-sink struc- 
ture; the author’s solution may be suitable in the case of buckling 
of supersonic wing panels. In the example calculated, the 
buckling parameter of the author’s solution is somewhat lower 
than the Klosner—Forray value. 
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High-Heat-Flux Effects in Wire Heat Gages* 


John C. Cutting and James A. Fay 


Department of Mechanical Engineering, 
Massachusetts Institute of Technology, Cambridge, Mass. 


August 19, 1960 


ie A RECENT REPORT,! the laminar heat-transfer rate in disso- 
ciated combustion gases was theoretically predicted and ex 
perimentally measured using thin-wire heat gages. The energy 
transport to the cold wall was considered to consist of the trans- 
port of kinetic, rotational, and vibrational energy through colli- 
sion and the diffusion of dissociated particles possessing poten- 


tial energy of recombination. Since accurate values of the 


* This research was supported by the Air Force Office of Scientific Re- 
search under Contract No. AF 49(638)-643. 
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molecular-collision cross sections, and hence the transport co- 
efficients, in a dissociated combustion gas are not known, the 
comparison of experimental and theoretical heat transfer is pri- 
marily a comparison of experimental and estimated transport 
coeflicients. On this basis, the results reported in reference 1 
would require cross sections four times larger than those extrap- 
glated from low-temperature data. Subsequent measurements 
have been made? which reveal the source of this discrepancy. 

The heat-transfer gage circuit consisted of a 1/2-in. length of a 
thin (2 to 4 mil diameter) platinum wire connected in series with 
a large ballast resistor to insure constant current, and a battery. 
The wire gage was placed transversely in a 1!/,-in. 1D shock tube 
and subjected to the stoichiometric hydrogen-oxygen detonation. 
The voltage increase across the wire, due to its increasing re- 
sistance with temperature, was then measured on an oscilloscope. 
These voltage-time responses were then utilized to calculate the 
heat-transfer rate to the wire by using Ohm’s law and the tem- 
perature coefficient of resistivity. 

The original results! were all obtained for the same value of 
the circuit current. By varying this current, the calculated 
heat-transfer rate was found to vary as shown in Fig. 1 (where 
the heat-transfer rate is plotted versus circuit current). It can 
be readily seen that, for very low currents or thin wires, the calcu- 
lated rate approaches a limit. This limit will subsequently be 
shown to be almost that theoretically predicted in reference 1 

For our experiments, the electrical heating. even at the highest 
experimental currents, is a negligible fraction of the aerodynamic 
heating. It is thus expected that the heating of the wire should 
be independent of current. If Ohm’s law then applies, the re- 
sistance of the wire should also be independent of current, and 
the heat-transfer rate inferred from the resistance change should 
be the same for all current values. Since this is not the case, 
we may infer that Ohm’s law is not strictly applicable under 
these test conditions. 

The most distinguishing factor present in these experiments 
isa very large temperature gradient established in the wire probe 
due to heat fluxes of the order of 100 kw. per cm?. For platinum, 
this results in a temperature gradient in the metal of 2 10° 
°’K./em. It is, therefore, suspected that Ohm's law breaks down 
in regions of extremely high-temperature gradients perpendicular 
to the current flow. 

A possible explanation of such a phenomenon may be found 
in the study of the degenerate electron gas in the metal. Mayer 
and Mayer’ show that the electrical conductivity may be calcu- 
lated for a degenerate electron gas under the simple assumption 
that the electrons come to equilibrium after every collision. 
From the Boltzmann equation, it has been found that equilibrium 
may exist after each collision if 

(0 In f°/ox) << 1/1 
f? = (mip/h3)[1/(1 + Ae™/2A?)) 


where f° is the velocity distribution function, 8 is the statistical 
weight of electrons, m is the mass, h/ is Planck’s constant, C is the 
velocity of electrons, K is Boltzmann’s constant, and / is the 
electron mean free path. For this highly degenerate gas,‘ A is 
small compared with unity and may be expressed as 


A = e— (mW2/2kT) 


where W is the velocity of the electrons at the Fermi brim. 
Upon substitution of numerical values for T = 300°K. 


O In f°/ox = 4.4 X 104 cm.7! 
Since the mean free path for platinum is about 5 X 10~* cm., it 
is obvious that equilibrium is not established in the radial direc- 
tion, even after many collisions. It is not surprising that Ohm’s 
law may break down in the presence of such large radial tempera- 
ture gradients. 

Observing Fig. 1 again, and noting that gold has a thermal 
diffusivity four times larger than that of platinum, it can be 
readily seen that for decreasing current, decreasing wire diameter, 
and increasing thermal diffusivity, the experimental heat-transfer 
tate approaches a value close to the theoretical prediction of 
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Fic. 1. Measured heat-transfer rates in stoichiometric hydro- 
gen-oxygen mixtures. Different initial pressures were used as 
shown, and the 400 mm. and 1,000 mm. runs have been scaled to 
an initial pressure of 1 atm. The value of the heat-transfer 
rate calculated according to the theory reported in reference 1 
for a collision cross section of 17 K 107~* cm.? is 5,900 cal./sec. 
cm.*/2 


reference 1 which assumed an extrapolated collision cross section 
of 17 X 1076 cm*. This may be explained by noting that in- 
creasing thermal diffusivity and smaller diameter result in a 
reduced temperature gradient. These results then demonstrate 
the importance of a large radial temperature gradient upon the 
flow of current in a wire. 
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Concerning the Integral Equation of Unsteady 
Motion of a Delta Wing in Supersonic Flight by 
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MATHEMATICAL FORMULATION 

T° A PREVIOUS PAPER! the velocity and acceleration potentials 

were obtained for the motion of a delta wing with subsonic 
leading edges in supersonic flow. Furthermore, a relation be- 
tween velocity potential and acceleration potential has already 
been established.2. It has been shown that the velocity potential 
method leads to an integral equation [reference 2, Eq. (26)] of 
complicated form, the solution to which is hopeless. The object 
of this paper is to extend the results obtained in reference 1 
using the acceleration-potential method. 

If x(x,y,2,t) is an acceleration potential given by reference 1, 
Eq. (17), 


x(x,y,2,t) = 


> — twl Pa} 
“* Pox y A(x1,91,0)K(x,¥,2; %1,91,0) dxidy, (1) 
x OX _* 
then 
dw/dt = lim 0 x/dz (2) 
z—0 
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where [reference 2, Eq. (24)] yn stan } g 
w= e~'[Ug.(x,y) — iwg(x,y)] (3) Then, Eqs. (5), (7) and (8) lead to 
However, applying linearized theory, 2 on 
: G(ximA) lim > g 
dw/dt (Ow/dt) + U(dw/dx) (4) s—0 ;=1 O02 


Thus, Eqs. (1), (2), (3), and (4) lead to 


oe x 
yi/m 


| Ug,(x,y) — 2iwUg.(x,y) — wg(x,y)} dx 


] ra) 
- lim S S° A(x91,0)K(x,9,2; %1,¥1,0)dxidy, (5) 
0 O2 -® 


Tz 


where the region 7* is given in Fig. 1, references 1 and 2. Now 
Eq. (5) has to be solved for A(x;,¥;,0). 

However, before going into the solution of Eq. (5), we must 
carefully examine it, since K(x,y,z; %1,9;,0) represents a singular 
kernel. In short, we cannot undertake any differentiation pro- 
cedure of a function under an integral sign which possesses 
singularities of any order, until the singularity is removed from 
the integrand. 

Therefore, letting 

Vv y — vn)? + 2? sinh 0 é (6) 
then 
K(x,9,2; %1,91,0) 


{ 7 ‘ ‘ : ; 
JB cos ;AV (x — x)? — B[(y — 1)? + 27] } 


(x — x1)2 
: - / 7 

Bi(y — m1)? + 2°] | V (x — x1)? — B2[(y — y1)? + 2°] 
Asin }|AV (x — x)? — Bl(y — y1)? + 27]} — 
zA2B B)V (x xi)? B2(y — y):? + 27] { e 


V/ 22 + (y — 91)? + 2* cos (Apt \dé { 


qd 
+ 2°] § 


[( = )? 


Denote 


where the expressions for II; are given by the following: 


1 f 
A(x,y — zgtan ¢d, 0) X 
T e 
n* 


AV (x — x1)? 
w(x — £)* — B*s* sec* 


A . . 
IT. | / A(m,y — 
7B a 


Il; 





9.9 ‘ i 
— B*2* sec* ¢} 


dx 


(x — x1) cos } ‘ 
ago 1) 


stan ¢, 0) X 





n* 
(x — x) sin (AY (x — x)? — B's? sec?) dx, dod (11 
A’g j ; 
I] - 4 A(x1,y — 3 tan ¢,0) X 
7 | 
n*® 
(1/8) V (x — x1)? — Bs? sec o 
; x = R > dx, dd (12) 
0 v/ #2 + 2? sec? @ cos (ABE) dE | 
and 
x { 

. ro ‘ y 9 ‘ 
G(x,v,A) = ) Ug,.(x,y) — 2iwU g(x,y) — wg(x,y)} dx 
ij yi/m ° 

(13) 


The problem is to prove that the limits of OII;/0z as z — O exist, 
Here we will merely | 
(9) 


and then to find these limits respectively. 
lim OII,/0z, since the other two terms in Eq 
z—0 
can be developed in a similar manner. 

Integrating by parts over the region +* (see Fig. 1, reference 2), 


demonstrate 


Eq. (11) leads to 














1 (7 /y, yi \2 \ dy, 
Il; — A {| — yO } sin ya x— a — Bl(v — vw)? + 271¢ ee 
7A Jo m \ m : : f(y—m)?+ 2 
0 
l v1 , j y, \? sdyy 
Al — ~>yp0]} sind, re ia — B(y — 1)? + 23] ( - —— 
ns ae Le m r\ m (y — ym)? + 2? 
I dA(x1,91,0) (  sdxidy 
= sin AV (x — x)? — Bl(y — v1)? + 271 ¢ eae 14) | 
rh ox, | aa, f(y — nn)? + 2 
ar*® 
Note that y,* and y2* are obtained by intersection of the cone, (x — x)? — B?[(y — y:)? + 22] = 0, with the boundary of the wing, 
Mm = mx. 
Clearly, 
m(By + x) m( By — x) 15 
y* = : 2 ; (10) 
7 1 + mB . 1+ mB 
Now suppose 
| 
a <r, 
F(x,y,2; y1,A) = A(|91/m|,9,0) ony av e— n/m Pe — iy — nt + 27] ( 
and 16) | 
a ee ee ee gps | 
(xX,¥,2; W1,A) = [0A(x1,91)/O0x] sin jAv (x — x)? — B7[(y — 91)? + 27] ( 
Then, since Fand L are regular functions everywhere, they can be rae ace a a ia ; 
expanded in series with respect to y,. K* 
itt . 8 : alae — (x,y,0; X1,91,A) 
Thus expanding Eqs. (16), differentiating the terms under the : aie 
integral with respect to z, and letting z ~ 0, one obtains after (x — x) | Bcos {AV (x — x)? — By — 91)? 
rearranging terms an expression for the complete sum for z > 0 :  \2 a 
; a Se dled oi V(x — x)? — By — 91)? 
in the Hadamard sense; thus Eq. (5) yields , 
‘ 1 “ . f 2 2 ; al ai 
G(x,y) = — A(x1,91,0)K *(x,y,0; x1,91,0)dx,; dy, (17) A sin ,A Vv x — x)? — BXy — y1)%3 
rB , P “ 
a* = — = 
: ; ; ae ? ‘ — (1/8) V (x — x1)? — B2 (y — yn)? 
where the asterisk (*) before the integral signifies that integration \“B* J/ — , 
: r2 1—y,)2 cos(ABt) dé (18 
is to be considered in the Hadamard sense, with (y — mn)? Jo e+ (y — yn)? cos (ABE) de 
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(13) 
exist, 
nerely | 
q. (9) 


ice Z), 





(14) 
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(15) 





(16) | 








18) 





Gi x,y,A )= 


Evide ntly . 


i? Ao(%1,¥1 (x — x1) dxidy, 
G v,¥ os : (21) 
™ (y — 1)? Vv s—uyp-—Ay— nF 
n* : : 
he A(x," (x — x, )dxidy, 
Gy(x,¥ = ; (22) 
wT. (y= My VJ x—x,)* — By — y,)? 
n* i : 


The integral equation (21) represents the solution for steady 
flow. All other equations, Eq. (22), etc., are of the same type 
as Eq. (21). 
the source function for the expansion in powers of A 


Note that A;(x,,y;) represents the coefficients of 
Moreover, 
if we can solve Eq. (22), we can solve the complete system for all 
A,(%1,¥1) However, for the solution of Eq (22) we cannot use 
the method used for Eq. (24) in reference 3. A new method? in 
the theory of integral equations has been developed for the solu- 


tion of the singular integral equation (22) 
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Fic. 1. Model configuration for yaw studies. 
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Let 
N 
A(x;,¥1.0 > An(x y, A” 
n=O \ (19) 
K*(x,y,0; %1,91,A) ? K,,(x,4 cna" 
n=0 
ind 


:. Gi(x,y)A” (20) 
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Fic. 2. Yawed and nonyawed heat transfer on blunt plate 


sonic airflow over flat plates was reported at the IAS 28th Annual 
Meeting, January, 1960.1 This study included development of a 
rational theory accounting for these combined effects, as well as 
experimental investigations of cold-wall heat transfer and shock 
shape over a wide range of density and leading-edge thickness 
The experiments were conducted in the C.A.L. 11 X 15-in. shock 
tunnel at air Mach numbers around 12, stagnation temperatures 
from about 2,000°K. to 4,000°K., with plate surface tempera- 
tures close to 300°K 
about 2 (dominant 
bluntness), the experimental data are quite well correlated by 


For leading-edge Reynolds numbers from 
viscous interaction) to 15,000 (dominant 
viscous hypersonic similitude* extended to include bluntness 
Agreement with the leading (zero-order) approximation of the 
theory for y — 1 is reasonably good. 

The purpose of the present note is to report recent experimental 
blunt 
Heat-transfer tests 


results for heat-transfer distributions over sharp and 


plates at yaw with zero angle of attack 
were conducted in the C.A.L. 11 X 15-in 
1) obtained by modification of flat 


shock tunnel with a 
model yawed at 45° (Fig 
Tests were also made to ob- 


plate ‘‘A’’ described in reference 1. 


tain comparable data for zero angle of yaw. General test condi- 
tions and thin-film measurement techniques were as in reference 
1. Nominal values of airflow Mach number, M, and stagnation 
temperature, 7», were 11.4 and 1,950°K.,, respectively. The ratio 
of wall temperature, 7, to stagnation temperature was about 
0.15 (Te = 300°K.) 
psi, and leading-edge thicknesses, ¢, of 0.0005 and 0.191 in. pro- 


A nominal stagnation pressure of 1,150 


vided leading-edge Reynolds numbers, Re, of approximately 
10 and 4,000, respectively. 

Typical results for measured heat-transfer rate, g, versus dis- 
tance, Xv, measured normal to the plate leading edge are shown 
0.191 in., and Re, 
The distribution and magnitude of g characterize a 


in Fig. 2 for zero yaw and 45° yaw with ¢ 
4,000 
laminar boundary layer 

If cross-flow effects are neglected, the two-dimensional zero- 
order theory of Cheng,' which requires a strong shock wave, 
small-flow deflection, and y — 1, may be applied. For suffi- 


ciently large Re, resulting in pure bluntness effect, this gives 
M*Cy = 0.1190/7 Ke" x (1) 


as the heat transfer at yaw angle y, where 


Cy = @/poU AH. — He) 
K, = (Meknt cos! W)/xn 
x = M3nv C cos N/ a Rerx 


Rery = — U Yy/ pe 


oe free-stream or wall total enthalpy 

ky = leading-edge drag coefficient for y = 0 

Cc = constant in linear viscosity-temperature relation 
€ = (7 — 1l)/(vy + 1) 


The equivalent result for very small Re; giving pure boundary- 


layer displacement effect! is 
M3Cy = 0.219V e7y{[0.664 + 1.73(H./H..)| x3/? (2) 


As regards the present experiments, Eq. (1) should be reason- 
ably applicable for the case ¢ = 0.191 in. and Eq. (2) for t = 
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Fic. 4. Correlation of yawed and nonyawed heat transfer for 
small Rez. 


0.0005 in. Correlation of M*Cy in terms of K,!/%y in Eq. (1) 
requires the condition of a strong shock wave as well as that of 
no viscous interaction. Correlation in terms of x in Eq. (2), 
however, does not require the strong shock condition provided 
Re; is sufficiently small. 

Correlations of the experimental heat transfer for y = O and 
45°, and comparisons with the predictions of Eqs. (1) and (2) 
are shown in Figs. 3 and 4, respectively. Some previous data! 
for Y = Ois also included in Fig. 4. 

In Fig. 3 for large Re, the correlation of the yaw and zero- 
yaw data is seen to be best for the upstream data points. Diver- 
gence of the data in the downstream direction could result from 
two effects of yaw: reduction of shock strength, and increase 
in the relative importance of viscous interaction through reduc- 
tion of effective bluntness. The correlation in Fig. 4 for the 
sharp plate and small Re, is generally good. In this case, as noted 
above, the strong shock condition is not required for correlation 
provided Re, is sufficiently small. 

The correlations obtained indicate the effects of cross flow on 
heat transfer to be quite small. This supports the prediction 
given in reference 5 and also the numerical results of reference 
2 obtained for the sharp-edged plate. Agreement of experiment 
with the zero-order theory has been discussed in reference 1 for 


y =0. 
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Free-Convection Magnetohydrodynamic Flow 
Past a Porous Flat Plate 


Pau-Chang Lu 

Graduate Assistant, Department of Mechanical Engineering, 
Case Institute of Technology, Cleveland, Ohio 

August 22, 1960 


Whee INCOMPRESSIBLE FLOW of an electrically conducting fluid 
past a porous plate y = O with constant suction velocity in 
the presence of a transverse uniform strength Hy has recently 
been investigated by Gupta.! In this note, the problem is gen- 


eralized to take into account the effect of free convection, when a | 


body force g per unit mass is acting in the negative x-direction 
The fluid is assumed to be semi-incom- 
In addition to the obvious practical signifi- 


parallel to the wall. 
pressible as usual. 
cance, this problem is also interesting in the sense that it pro- 
vides another exact solution of the magnetohydrodynamic 
equations, since the only electromagnetic assumptions involved 
are constant properties and freedom from excessive charges 


Similar to the analysis of Gupta, we assume that all the vari- 
ables, except the pressure p, are functions of y only. The follow- 
ing system is then obtained: 

v = constant = —% (la 
—(O0p/Ox) — pg + pw(d*u/dy?) + 
well, (dH,/dy) (1b 


—pu(du/dy) = 


0 = —(0p/dy) + wH,(dH,/dy) (1c) 


— pcv(d0/dy) = k(d?0/dy?) + 
u(du/dy)? + (1/0)(dH,/dy)? (1d 


(d/dy)(uH, + wHz) + (1/pueo)(d?H,/dy?) = 0 (le) 
d?H,/dy? = 0 (1f) 


where (H,, H,) and (u, v) are the components, parallel and per- 
pendicular to the plate, of the magnetic-field strength and ve- 
locity; @ is the temperature difference that refers to the free- 
stream value; p, u, c, Rk, we, and o are the density, viscosity, spe- 
cific heat capacity, thermal conductivity, magnetic permeability, 
and electric conductivity, respectively. The subscript 0 refers 
to conditions at y = 0. The rationalized mks system is em- 
ployed. 


The boundary conditions to be satisfied are 
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Fic. 1. Effect of magnetic field on free convection. 
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Comparison of effects of free convection and magnetic 
field. 
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u(0) = 0, 00) = &, H,(0) = KX (2a) 
Ao) = 0 (2b) 
u(o) = u,, H,(~) = 0, asymptotically (2c) 


where the subscript © refers to conditions in the free stream. 


From Eq. (1c), we see that 0p/Ox must be a function of x 
alone. Therefore, from Eq. (1b) 
= —Puf 


Op/Ox constant 


Under the assumption of semi-incompressibility 
P — px = — BO 


thermal coefficient of volumetric expansion 


where 8 is the 
Eq. (1b) finally be- 


Otherwise, p is to be treated as constant 
comes 


u(d2u/dy?) + puo(du/dy) + wel1,(dH,/dy) + pBg@ = 0 (38a) 


Eqs. (le) and (1f), which are obtained by eliminating the 

electric-field strength among Maxwell’s equations and Ohm's 
law,! immediately give 

H, = constant = H, (3b) 

uHy + wHs + (1/meo)(dH,/dy) = ul (3c) 


The key equations of the problem are then the Eqs. (1d), 


(3a), and (3c). In general, they must be solved numerically. 


However, if the viscous energy dissipation is negligible because 
of small u, and the electric energy dissipation is negligible because 
of small u and large o, Eq. (1d) becomes uncoupled and gives 

0/0. = exp (—Pr n) (4) 
where Pr is the Prandtl number and yn = pivy/u. Here it is ob- 
vious that suction is necessary—i.e., Yo must be greater than zero. 
Using primes to denote differentiation with respect to 7, we 


may integrate Eq. (3a) once and obtain 


(U — U.)’ + (U — Uz) + Shz = GO exp(—Prn)/Pr (5a) 
where U = u/u, hr = Hz/Ho, S = peHo?/pro? and G = 
ube / pi Then h, is eliminated between Eqs. (3c) and (5a)*: 
(U — U.)” + (1+ e(U — U.)’ —(S —1)(U — U.) = 


(1/Pr — ¢)G@exp(—Prn) (5b) 


where « = p/peou. 
The solution for U is then, when S > 1, 
U-— U, = —U., exp (—an) + {(1/Pr — €)G@[exp (—Pr n) — 
exp (—an)]/[ePr? — (1 + «)Pr — (S — 1)]} X 
[S ~ ePr? — (1+ €)Pr+ 1] (6a) 


= —U.,exp(—Prn) + (1/Pr — €)G0on exp (—Pr n)/ 
[((1 + e€) — 2ePr] [S = ePr? —(1+ €)Pr +1] (6b) 
where a = {(1 + €) + [(1 + €)? + 4€S — 1)]"/?} /2e. 


It is interesting to note that when S < 1, the problem is inde- 
terminate just as in the incompressible case. Another peculi- 
arity is that the free-convection effect vanishes completely for a 
fluid with Pr e = 1. It is also seen that increasing S decreases 
the effect of free convection. 

In Fig. 1, the effect of S on free convection is clearly shown for 
a hypothetical fluid with Pr = 10 and e = 1. A comparison of 
the pure forced and the combined flow with S = 1 is presented 
for the same fluid in Fig. 2. Nonmagnetic cases (S = 0) are 


also included. 
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* One must not neglect h’z in Eq. (3c) since 1/¢ is a singular perturbation 


parameter there 
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The Redesign of Redundant Structures Having 
Undesirable Stress Distributions 


E. D. Poppleton 
Assistant Professor of Aeronautical Engineering, 
University of Toronto, Institute of Aerophysics, Canada 


August 22, 1960 


| galego for determining the effect of structural modifications 
on the stress distribution in a redundant structure have 
been given in references 1 and 2, but the use of these methods in 
the rectification of deficiencies in an existing structure leads to a 
trial-and-error procedure. The purpose of the present note is to 
point out a simple extension of reference 2, which enables the 
stress to be specified in a number of structural members (not 
greater than the number of redundancies), and the necessary 
modifications to the stiffness of these members to be calculated 


directly 


Using the notation of reference 2, we denote the generalized 
loads in the structural members (including the redundancies), 
the external loads, and the generalized loads in the redundant 
members by the column matrices S, R, and X, respectively 
If the members have initial displacements (due to thermal 


effects or lack of fit) H, then the following relationships hold: 
S = bR+ 0X — cH 
X = —D™D oR 
in which 
D = by'fh, 
Do = by ‘fbi 
c = bD-b,’ (1) 


= diagonal matrix of flexibilities of the unassembled ele- 


and f 
= 1/2S’fS). 


ments (total strain energy of structure 
In the above, the prime denotes a transposed matrix. 


As indicated in reference 2, if the redundancies are judiciously 
chosen, bp and }; are readily written down from equilibrium con- 
siderations so that it is a relatively simple matter to write Eq. (1) 


in the form 


S = bR — cH (2) 

The generalized displacements of the structural members are 
given by 

v=fS+H (3) 

We now suppose that the application of Eq. (2) to a given 

structure (with H = 0) gives undesirable values for the stresses 

in some members. We, therefore, require to modify these mem- 


bers in such a way that the desired stresses are realized. Fol- 
lowing the method of reference 2, we state that the stress dis- 
tribution in the modified structure could be produced in the 
original structure if suitable initial displacements were imposed 
on the members which are to be modified. 


We introduce subscripts g and h to indicate unmodified and 
modified sections of the structure, and a further subscript m 
to denote conditions in the modified structure, then we can re- 
arrange and partition Eqs. (2) and (3) to obtain 


[=] ---(se][z)-(2)- (esa 

el a bR | OL — fol SL | ee 

Sin Cho'Chh A, Sh Cho'Chr Ah 
foi O | | Som} _ a ae fg iO | | 4 2. | 
0 Sam Saas o 7 th 4, Ai 


From these we have 
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Sim = Sh — Conn 
- > Nae 
Ay = fam — friSam (4) 
. 7 - Pay) ove 
Sam = Sp — Cra Sam — Sr Sam 


For structures consisting of an assembly of flanges carrying 
linearly-varying axial loads only, and thin sheets carrying con- 
stant shear flows on their edges, the flexibility matrix may be 
written 

f = gA- 
where g is a symmetrical matrix; A is a diagonal matrix of the 
cross-sectional areas resisting the loads 

Eq. (4) may thus be written 


Sim = Sh = ChrZtnm + CanfrSnm (5) 


where on» is a column of stresses in the modified members. Some 


of the stresses oj, May not be specified, however. This is because 
the column contains al/ stresses in the modified part of the struc- 
ture, including those at both ends of those flanges in which the 
stress is specified at one end only. 

Eq. (5) is thus conveniently solved directly only when all the 
elements of om are known, as would be the case, for example, in 


the analysis of a pinjointed framework. In such cases, we have 


. , fo ; i 
Sim = [I — Canfas)? {Sa — Congonm$ 


In other, more usual cases, Eq. (5) is solved by an iteration 
process in which initial values are assumed for Sj», (= S, say) 
and for the unknowns in ojm. Improved values of Shm, and 
hence of the unknowns in o, are then found by substitution in 
the right-hand side of Eq. (5), and the process is repeated until 
convergence is satisfactory. 

It should be noted that Eq. (5) is not linear in the unknowns 
and, consequently, difficulties may arise in the iterative solution 
if two solutions exist in close proximity. A somewhat fuller 
discussion of the above analysis is given in reference 3, together 
with a few simple examples. The case where stresses are speci- 
fied in members which are not modified is also investigated. 
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On Column Behavior 


S. Sergev 

Professor, Department of Civil Engineering, 
University of Washington, Seattle, Wash. 
August 22, 1960 


pag BEHAVIOR of pressurized slender columns seems to have 
an air of mystery about it. Here we present the problem in 
a way that seems to point to better understanding of column be- 
havior under different conditions of loading. The two cases we 
(a) the pressurized column with open ends, 
The problem 


wish to discuss are: 
and (b) the pressurized column with closed ends. 
in each case is the determination of the lateral instability cri- 
terion which, incidentally, turns out to be entirely different for 
the two cases. 

The lateral instability of pressurized columns, while theo- 
retically obvious, has not been observed until recently when use 
of thin-wall pipes and tubes became prevalent, especially, in air- 
plane structures.* The complete understanding of column be- 


* A solution was transmitted to O. T. Ritchie, Head of Structural Research 
and Development Group, Boeing Airplane Co., Seattle, Washington in 
June, 1956. 
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havior is found in the elastic equilibrium of a differential length 
of the column.! Let us suppose, for definiteness, that we have 
a straight, slender, round tube which is used as a column and as 
a pressure vessel—separately, or in combination. Further, let 
us assume that we have simple (Hooke’s joint) ends, but this 
limitation does not in any way affect the general philosophy of the 
analysis. If the column (tube) is unstable in the straight con- 
figuration, there will be a change of state and the tube will assume 
equilibrium in the curved configuration, as in Fig. l(a). In this 
state, we draw an equilibrium sketch of an element of the column 
between sections normal to the column axis and located at x and 
x + dx distances from the origin, Fig. 1(b). 
of this element from the straight configuration (x-axis) is v and 


The displacement 


the absolute value of the curvature to first approximation js 
d*v/dx?. 
a lateral load, which in a column comes from the forces N acting 


Now, a variation in the shearing-force function requires 
tangentially to the column axis and toward each other, Fig. 2 
The forces, in this case, are essentially the same for all elements 
if we consider the displacements v to be small. Due to the curva 
ture of the axis, these forces, not being parallel, have a resultant 
component acting in the positive direction of v and equal to 
N\d*v/dx?\dx. 

From equilibrium and the geometry of deformation of the ele 
ment, we have the well-known relationship:** EJ(d‘v/dx*) = gq, 
q being the intensity of the lateral load per unit length, which in 
our case is — Nd*v/dx*. The minus sign is used because the curva- 
ture is negative. Substituting this lateral load for g and putting 
N/EI = m?, the above equation becomes 


(d4v/dx*) + m?(d?v/dx?) = 0 (1 
The integral of Eq. (1) is 
v= A + Bx + Csin mx + D cos mx (2 


where A, B, C, and D are constants. Eq. (2) contains enough 
arbitrary constants for the solution of any column of constant 
cross section and length L, if the proper boundary conditions are 


imposed. For a column that has freedom of rotation but not 


** This formula can be found in most Strength of Materials textbooks 
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Fic. A. Open ends column. 


lateral displacement at the ends, the four boundary conditions 


will be: 

(7)x (v)r=4 (d*u/dx?)r=9 = (d*v/dx?)z;=-, = O (3) 
These boundary conditions require that A = B = D 0, and 
C sin mL 0. If C = O, we have a trivial solution—i.e., the 


column axis before and after loading remains straight. If C # 0, 
0, from which it follows that mL GO. # Ze... ..« 


r, or a critical 


then sin mL 
nr: and the first nontrivial root gives m?*L? = 
value of 


N = w°ElI/L? (4) 


Now, we inquire into the nature of the tangential forces N in 
the open-ends case. f 

(a) Suppose these forces N emanate from loads P applied to 
the ends of the tube and transmitted along the walls of the tube, 
Fig. 1(b). In such a case, we have the necessary condition for an 
Euler column with the buckling (critical) load N = P = 7?EI/L?. 

(b) On the other hand, suppose we have pressure p in the 
column resulting from a force F = Ap, where A denotes internal 
cross-sectional area, applied to freely sliding plungers at the ends 
with P 0, Fig. 83. Under this condition, there will be hoop but 
not axial stresses in the column wall and the forces necessary to 
maintain the bent configuration are N = F = 7*EI/L*. How- 
ever, if P = O, but tensile forces T, are applied to the ends, then 
the column will become unstable when N = F — T, approaches 
r*EI/L*, or the critical compressive fluid force F = 7?EI/L? + 
T.. If practicable, this is a way to increase the lateral stability 
of the open-ends pressurized column. 

(c) Lastly, we assume that the tube is capped (closed) at both 
ends and the column then pressurized, giving us a self-contained 
system. In this case with P = 0, N = F — T, = 0 because the 
tensile forces 7, in the column wall are exactly equal to the fluid 
forces F. Thus, we see that the bent configuration cannot be 
maintained (NV = 0), or conversely, the straight configuration is 
stable. With P critical (F > 0), we again have the Euler column, 
and conclude that instability of a pressurized slender column 
with closed ends is independent of the internal pressure.{ If 
the pressure p is less than atmospheric—i.e., p < 0 and P ¥ 0, 
there will be compressive forces on the ends of the column with 
N P + paAe, where pg denotes atmospheric pressure and A, 
the external area of the column cross section. Instability under 
this condition, with P = 0, is not possible since the external 
lateral force of the atmosphere p,A 6 equals Ndé—see Appendix. 

In all above discussions, bursting and local buckling (crippling) 


is assumed to be precluded. 


APPENDIX 
It may be of interest to approach the force Fdé from another 
viewpoint. Let us remove the fluid from inside the element of 
the column in Fig. 1(b), and show the resulting pressure p (gage) 
acting on the wall of the column, as in Fig. A(a). Force F is 
absent, and we see that there is a resultant force acting toward 
the convex side of the column because the convex side is longer 


| The effect of atmospheric pressure fa is not considered since force F is 
due to gage pressure p—i.e., above atmospheric. If ? is less than at- 
mospheric, F should be taken with minus sign 

} Experiments performed by D. A. Walton, Graduate Student in Civil 
Engineering, bore out exactly the theoretical prediction. Pressures up to 


6,000 psi were used 


FORUM 349 


than the concave side by the amount dc. Since the pressure 


acts with equal intensity on the wall of the tube (in case of gas), 
(we assume thin wall) 


this resultant force will be—see Fig. A(b) 


dF, = f pa dgdh cos ¢ 


where, 
dh = d@a(1 + cos ¢) 
Then, 
dF, = pa*d6 [sin ¢ + (¢/2) + (1/4) sin 29) a pra*do 


which is exactly equal to Fdé. If p < 0, then the force dF; acts 
inward, which is equivalent-to taking F with a minus sign in the 


previous discussion and A, instead of A 
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On the Feasibility of Using Aerodynamic 
Control on Vehicles Operating in Regions 
of Slip Flow and Free-Molecule Flow 


Robert L. Swaim 

1/Lt., USAF, Flight Control Laboratory, 

Wright Air Development Division, Wright-Patterson AFB, Ohio 
August 24, 1960 


A’ PRESENT there are no adequate theories for predicting 
aerodynamic coefficients and forces in slip flow. However, 
the lack of an adequate slip-flow theory will not prevent the de- 
termination of the feasibility, or lack thereof, of using aerody- 
namic control in the slip-flow regime, as will be shown below 

A criterion is needed on which to base any judgment of feasi- 
bility. Consider only longitudinal motion in a vertical plane of 
symmetry, where the vehicle is in equilibrium flight along any 
arbitrary flight path in this vertical plane. Equilibrium flight, 
in this analysis, means all angular and linear accelerations with 
respect to an axis system fixed on the vehicle are zero. Now, 
a realistic criterion for determining controllability is the rate of 
pitch @ following a control-surface deflection and establishment 
of the new equilibrium flight condition. Using this angular- 
velocity criterion, maximum altitudes for vehicle controllability 
will be calculated for various changes in equilibrium lift coefficient, 
AC_,, due to a control-surface deflection. 

A change in the equilibrium lift will result in a change in the 
equilibrium flight path, with a resultant centripetal acceleration 
towards the new center of curvature (Fig. 1) given by 





NEW EQU/LIBRIUM 
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rate for various changes in equilibrium Cy [U = 12,875 ft./sec., 
S = 300 ft?, m = 106 slugs]. 


AL = mz = m6U (1) 

6 = (AC,'/epUS)/m (2) 

Now, consider a representative vehicle with m = 106 slugs, 
and S = 300 ft.? 

6 = 1.407 AC, pU (3) 


The condition for satisfactory controllability based on a desired 


change in pitch rate 6 is 
6 < 1.407 AC; pU (4) 
p > 6/(1.407 ACLU) (5) 


Eq. (5) is shown graphically in Fig. 2 for three values of AC; 
and a representative flight velocity, where p has been converted 
to altitude in statute miles. 

It is seen that given a desired change in rate of response 6 to 
a control deflection and calculating the resultant change in 
equilibrium lift coefficient AC,, the maximum altitude is then 
known, above which this rate of response cannot be attained with 
the aerodynamic control surface. Lift coefficients of the order 
shown are known to be attainable in free-molecule flow, and it 
justly follows that they can be attained in the higher-density 
slip flow. 

It is evident from Fig. 2 that aerodynamic control is not 
feasible in the free-molecule regime (above 80 miles), since 
changes in C, greater than 1.00 are not likely to be attained with a 
control surface. But aerodynamic control does appear to be 
feasible in slip-flow regions (20 to 60 miles); although, in the upper 
altitudes of the regime, the rate of response may become too slow 
to be practical. It might be mentioned that lower flight veloci- 
ties, even as low as 6,000 ft./sec., do not lower the boundaries 
appreciably. 

It is also evident from the results that for a given altitude and 
AC_, the rate of response to control deflection decreases with 
decreasing flight velocity. However, for a vehicle on an at- 
mospheric re-entry flight path, the altitude is decreasing as well 
as the vehicle velocity, and it may be possible to maintain 
relatively constant rates of control response. 
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A Method of Obtaining An Approximate 
Solution of the Laminar Boundary-Layer 


Equations* 


William B. Bush** 
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Calif. 

August 25, 1960 


(1) THE INCOMPRESSIBLE BOUNDARY-LAYER EQUATION 
T HAS BEEN SHOWN' that the incompressible laminar boundary- 
layer equations can be written in the form: 


o*f of of\? | [of of = af ars 
a = es = + 2§ a oe 
On* On? On On OFOn = OE On? 
(1.01) 
with the boundary conditions 
f(E, 0) = (Of/On)(E, 9) = 0, (Of/On)(E, ©) = 1 (1.02 
Introducing the new independent variables 


$= t = a(é) n = a(s)n (1.03) 


wer 


and denoting (Of/0n) by w, Eq. (1.01) takes on the form: 


t 
O?7w 2s d w . 
a? ee spe ( ; )f wdi — B [1 — w?] 
ot? a ds ot 0 
t 
ow ow w Bs 
2s| w = f ( ) di (1.04) 
Os ot 0 \Os 


This equation may be solved by iteration by introducing a 
suitable approximation for w in the right-hand side. If the ap- 
proximation for w in the right-hand side is a function of ¢ alone, 
then the equation W, the resulting solution, is 


. O° w ' 2s da (= f (idl 
s) -_ = — --— w(t)di — 
~~ ol? a ds dt 0 
B(s) [1 — w?] (1.05) 


The first integral of this equation is 


ed ti 
P 2s d dw 
a? = oti-_ . { : f w(ts ar | dt; + 
ot a ds 1 dt, 0 
af [1 — w?] dt, (1.06) 
t 


since it is required that (OW/dt)(s, ©) = 0. 
The second integral of this equation is 


t ) te 
2s da dw if | | 
2yW = = dt a Ww ts dt: dts a 
” [: a “lf. , Lf dt. \Jo ( a 
t oo 
af dt; {f a- w?) diab (1.07) 
0 Wi, f 


satisfying the boundary condition W(s, 0) = 0. 
Since the function W must also satisfy the boundary condition 
W(s, ©) = 1, it follows that a, the function of s that was intro- 


duced in Eq. (1.03), must be the solution of the equation 


ron) co te 
2s da dw f \ | 
z= l— ° dt q wdts >d ts + 
. | a “1, LS, ro) as 
af dt [f {1 — w?} a. (1.08) 
0 ti 


To illustrate this method, the approximating function w = 
u(t) = erf(t) was considered. Introducing this function into 
Eq. (1.08) and performing the indicated integrations yields the 


following: 


* Prepared for the Air Force Ballistic Missile Division, Headquarters Air 
Research and Development Command, under Contract AF 04(647)-309, 
Magnetoaerodynamic Research. 

** Formerly associated with Physical Research Laboratory, Space Tech- 
nology Laboratories, Inc., Los Angeles, Calif. 
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[s/(a?)] [d(a?)/ds] + 4a? = 1 + B(s)[1 + (2/r)] (1.09) 


The shear function at the wall is 


; ow 
on (¢,0) = a(s) (s,0) = 
ot 
[1 — (2s/a)(da/ds)|(+/2 — 1) + +/2¢ 
——y —— (1.10) 
avr 
For ‘“‘similar’”’ solutions where W = W(t) and a and 8 are con- 
stants, Eqs. (1.09) and (1.10) reduce to 
a? = 1/4 + B[(1/4) + (1/27)] (1.11) 
dw VY2(1+8)-1 
(0) = , (1.12) 
an avr 


The solutions of Eqs. (1.11) and (1.12) are given in Table 1 
along with the exact solutions determined by Hartree.? 


(11) THE ‘‘Sim1Lar’’ COMPRESSIBLE BOUNDARY-LAYER 
EQUATIONS 

Cohen and Reskotko* have shown that the partial differential 
equations governing the flow in the compressible laminar bound- 
ary layer by means of the Stewartson transformation (with slight 
modifications) and Faulkner-Skan similarity arguments can be 
reduced to two simultaneous nonlinear ordinary differential equa- 
tions. These equations are 


d*f f d?f pore ( fdf\? 
—— — Bo aes eee aia ’ 9 
dn ! iy? g ¢ B\o@ \ dn § (2.01) 
d*o/dn? = —f(dd/dn) (Pr = 1) (2.02) 


with the boundary conditions 
(df/dn)(~) = ¢(“) = 1 
(2.03) 


(0) (df/dn)(0) = ¢(0) = 0; 


In order to use the method of the previous section, Eqs. (2.01) 
and (2.02) must be rewritten in the following form: 


aw dw . 
— wdn, — Bg.(1 — ¢) — Bid — w?) (2.04) 
~/ZV 


a * 
12G 1 , 
: = ef wdm (2.05) 
dn? dn 0 


If the approximating functions w and ¢ are 


w = erf (an), a = constant (2.06a ) 
@ = erf (bn), b = constant (2.06b) 


Then, the first integration of Eqs. (2.04) and (2.05) yields 


dw V2(1 +8) — 1 — mB(1 — gw) 
(0) = - ; —— m = a/b 
dn avr 
(2.07) 
1G 1 + m? — 1 
: (0) = Vv = — (2.08) 
U] avr 


The second integration yields 





TABLE 1 





“Similar’’ Incompressible Boundary-Layer 











f | a A= + (0), w = erf(t)/B = I ), exact 5 
1 | 0.4573 ). 33 | 1.319 1. 05¢ 
} 0.5000 467 0.470 994 
1 | 0.5394 581 587 
< 576 083 68 44 
6106 75 775 1 
at | 6432 86 854 1 7 
6742 3 128 1.011 
7039 1.012 196 1, O1€ 
7599 1, 148 1.12 1.025 
Le Oe fa! 
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TABLE 2 





“Similar’’ Compressible Boundary-Layer 








7 : ; : : 
oe =e exact : 
; i 2 1 + 
| 467 8 .994 4 4 : 
2 467 4 194 
é 467 4 194 
1 . 46 4 994 
4¢ 4 194 4 4 4 
| 64 .4 ; 4 
2 63 é 1 4 € 
i. l 
2 1 1 + 4 
1 1 1 l m*B(1 — gu) 
Wie) =1=— +, aa - (2.09) 
a? | 4 4 2 4 
G(o) = 1 = [m? tan~(m)] /a?x (2.10) 


Table 2 compares the approximate solutions obtained by this 
method with the exact solutions of Cohen and Reskotko and 
again the agreement is good. 
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Atmospheric Entry With Small L/D 


Paul D. Arthur and Hans K. Karrenberg 
Systems Corporation of America, Los Angeles, Calif. 
September 1, 1960 


_—— “‘STRAIGHT-LINE-TRAJECTORY” atmospheric-entry anal- 
ysis of Allen and Eggers! has been very useful for zero-lift 
entries at angles greater than five or ten degrees.2 This note 
extends their analysis to include a constant but small lift/drag 
ratio. 


DERIVATION OF EQUATIONS 


The lift and drag component equations of motion of a body 
in the atmosphere of a planet with an inverse-square central 
force field are: 

L/W = V(¥ g) T {1 — (Vy? gr)| cos ¥ 
(D/W) + (V/g) + sin y = 0 
where y is the elevation angle above the local horizon, and is 
negative during entry. As in Allen and Eggers study’ the as- 
sumptions are: y not too small, weight neglected, flat Earth 


7 


(yr —~ o) and constant g. Thus, the equations reduce to: 


L/W = V(v¥/g) (1) 
D/W = —V/g 2) 


For L = 0 Eq. (1) shows that y is a constant. However, lift 


causes y to increase along the trajectory from its entry value, 
ye. Taking y = yg + ¢, it is presumed that ¢ is small for small 
L/D. Thus, the kinematic relation, V sin y = h is approxi- 
mated by: 

V sin yg (1+ ¢ cot yg) =h (3) 


Eq. (1) may be integrated to obtain ¢: 


@ = 7 = (g/V\(L/W) (4) 
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= JS (L/D)pV/2A)dt where Aisdefined as mass/CpA (5) 
Using the exponential atmospheric-density relation, 


—h/ho 
= me aie 


h P 
Zr, - f, e—/ho dh 
o = “eed : ‘i 
D 2Asin yg Jag 1+ cot yg 


Since —@ cot y, < 1, the integration is only taken to first 


where hy is the scale height 


and Eq. (3): 


(7) 


order in ¢: 


@ = —(L/D)(pho/2A sin yz) (8) 


As in the analysis of reference 1, the independent variable of 
the drag equation, Eq. (2), may be changed from time to altitude 
by the kinematic relation, Eq. (3). The first-order solution for 
¢@, Eq. (8), then yields: 


D 2A sin yz V 


L pho cot yz iI 
(: i *) pih = 94 te ve - 


Using Eq. (6) and assuming that 


L phy cot yz 
| 
D 2A sin yz 


Eq. (9) may be integrated to yield: 


2A sin yz L cot yz V V 
p= 1 — In In 
ho D 2 J "EB J 'E 


Maximum deceleration, heating, dynamic pressure, and Reynolds 
number can now be determined by the method of reference 1. 


(10) 


Considering the maximum deceleration, 


V D pV? sin yz V \3 
— = = = _ - Ve? x 
g W 2gA gho ( 4 . 


b cot YE 
'~ D2 


Vmazlor (p V?/2)| mar] requires: 


i V 1 t+ L cot yz 
n = - 
Ve 2 D 4 


V L cot yz 
— =(0.606(1 — 
Ve D 8 


Substituting into Eq. (11) and retaining only first-order terms: 


(13) 


+ 
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V Ve? sin yz 


(14) 


(: _ L cot 2) 
D 4 


< 0, the maximum deceleration is decreased by lift. 


£ | maz Zhoeg 
Since yz 
The density at maximum deceleration is 
A sin yz L cot 4 
1 + 

ho D 


indicating that an L/D > O causes the maximum deceleration 
to occur at a lower density (i.e., higher altitude) than that for 
zero lift. 

The total acceleration felt by the body is the vector sum of 
(D/M) and L/M: 
—V{l + (L/D)?] 12 


Sa coe 


a= (15) 


a Ve \? L cot yz , ) 
6 lesa 2030 D 4 F D 


where fy = 23,500 ft. has been assumed for the Earth. As the 
(L/D)(cot yz)/4 term is negative, the effect of L/D > 0 is to 


ti 


(16) 


decrease a/g. 
VALIDITY OF ANALYSIS 
The basic assumption made in the above analysis is that 
—pcot yg = (L/D) cot yg In (V/Ve) € 1 

A 10 per cent accuracy requirement in the second-order term 
may be expressed as: 

[((L/D) cot yg In (V/Vze)|? < 0.10 (17) 
The velocity range of interest, | In (V/Vz)| < 
corporated to produce the following region of validity: 


1/2 may be in- 


tan yz| > 1.58 L/D (18) 


Approximate regions of validity for various atmospheric-entry 
analyses are presented in Fig. 1. The analysis of reference 3 is 


limited to near circular velocities. 
COMPARISON WITH OTHER INVESTIGATIONS 
Entry investigations at small L/D and relatively steep entry 
angles are so rare that the only investigation which could be 
found for comparative purposes was Lees.’ Lees’ machine- 
calculated values which most closely approach the region of 


applicability of the above analysis are: 
L/D = 1/4 


giving a | mar = 28(25) 


and yz = —12° 


for 


fi or Ve = 


Ve = 26,000 fps 


and a/2\ maz = 39(45) 35,000 fps 
The values of the above analysis are given in parentheses, and 
are well within the 35 per cent accuracy limit dictated by L/D = 
1/4 and —12”. 

For L/D = 0, the above analysis reduces to that of reference 1. 
Analyses similar to the above may be made for radiative and 


_— 


convective heating and Reynolds number. 
REFERENCES 


1 Allen, H. J., and Eggers, A. J., Jr., A Study of the Motion and Aero- 
dynamic Heating of Ballistic Missiles Entering the Earth’s Atmosphere at 
High Supersonic Speeds, NACA Report 1381, 1958 

2 Riddell, F. R., and Teare, J. D., The Differences Betwzen Satellite and 
Ballistic Missile Re-entry Problems, AVCO Res. Report 31, September, 1958. 

3 Lees, L., Hartwig, F. W., and Cohen, C. B., Use of Aerodynamic Lift 
During Entry into the Earth's Atmosphere, J. ARS, Vol. 29, No. 9, September, 
1959 


— 





ition 


t for 


n of 


ntry 
1 be 
1ine- 


1 of 








REQUIREMENTS for CONTRIBUTIONS 
to the publications of the 
INSTITUTE of the AEROSPACE SCIENCES 


The Institute of the Aerospace Sciences invites both members and nonmembers from any 
country to submit papers for publication in the JOURNAL OF THE AEROSPACE SCIENCES and 


AEROSPACE ENGINEERING. 
contributions. 


The Institute, following the practice of other societies, does not pay for 


The following directions for the preparation of papers, if followed by authors, will save corre- 
spondence, avoid the return of papers for changes, minimize the work of preparation for the printer, 
and save the expense due to the charges made for ‘‘author’s corrections.” 





Manuscripts: The original typewritten copy of the paper is 
desired. To expedite review, an additional copy of both the 
manuscript and figures should be submitted. The manuscript 
must be double or triple spaced on one side of white paper 
sheets, consecutively numbered. There should be wide margins to 
allow for the marking of directions to the printer. Correcting, 
changing, or adding to papers after they are in type is costly. It 
is, therefore, imperative that papers submitted be in final form. 
Typographical errors may be corrected on proofs, but if authors 
wish to add material, they may do so at their own expense. In 
mailing, drawings may be rolled, but manuscripts should be sent 
flat. Send by first-class mail (register if you wish for your own 
protection) to the Editorial Office, Institute of the Aerospace 
Sciences, 2 East 64th Street, New York 21, N.Y. All manu- 
scripts will be examined by the Editorial Committee and by the 
Editor. Authors will be advised as promptly as possible whether 
the paper is acceptable for publication. 

TitLEs: The title of the paper should be brief. The name 
and initials of the author should be written as he prefers. The 
use of the full name of an author is advocated because of the 
frequent duplication of initials and surnames which sometimes 
makes it difficult to establish the identity of the author. This is 
particularly important for large annual indexing and abstracting 
services. All titles and degrees or honors are omitted. The 
name of the organization with which the author is associated 
should be placed after his name on a separate line. The date on 
which the paper is received will be inserted by the Editor. The 
author’s title or position should be indicated in a footnote. 

SUMMARIES OR ABsTRACTS: An abstract to be printed at the 
beginning should accompany each article. It should be adequate 
as an index and asa summary. it should contain a statement of 
major conclusions reached, since summaries in many cases con- 
stitute the only source of information used in compiling scien- 
tific reference indexes. Abstracts printed in other journals, espe- 
cially foreign, in most cases consist of summaries from printed 
papers. The summary should explain as adequately as possible 
the major conclusions to a nonspecialist in the subject and should 
contain from 100 to 300 words, depending on the length of the 
paper. 

SUBHEADINGS: Subheadings should be inserted by the author 
at frequent intervals. The work of editorial preparation will be 
simplified by the author’s provision of many subheadings. 

MATTER UsSuALLy DELETED: Photographs or illustrations of 
little technical interest and not showing advances in general 
practice. Too detailed tabular matter (general results of such 
tables may be included in the text). Lengthy descriptions of 
materials or processes or of preliminary experiments or theories 
that preceded final results; salient features only are of interest. 

REFERENCES: References should be numbered consecutively 
and grouped together at the end of the manuscript, with only 
the corresponding number being mentioned in the text. The 
atrangement should be as follows. For books: 'Durand, W. F., 
Aerodynamic Theory, 1st Ed., Vol. 1, p. 23; Julius Springer, 
Berlin, 1934. For magazines: 1England, Cc. R., Crawford, 
A. B., and Mumford, W. W., Some Results of a Study of Ultra- 
Short-Wave T. ransmission Phenomenon, Proc. IRE, Vol. 20, 
No. 12, pp. 481-482, March, 1933. Please give author, title, 
edition, volume, number, page, publisher, and place and date of 
publication as indicated. Omission of one required fact causes 
much extra editorial work and possible inaccuracies. 


ILLUSTRATIONS: Illustrations should accompany manuscripts, 
and each should always be referred to in the text by number. 
Drawings or graphs should not be larger than 12 X 16 inches, 
and must be made with jet black India ink on white paper or 
tracing cloth, the latter being preferred. Do not use typewriter 
for letiering. The smallest lettering on 8 X 10 inch figures should 
be no less than '/, inch high. Cross-section paper (white with 
black lines) may be used, but it should not have more than 4 lines 
per inch. If finer ruled paper is used, the major division lines 
should be drawn in with black ink, omitting the finer divisions. 
In the case of finely ruled paper, only blue-lined paper can be 
accepted. Tracing paper and blueprints are not acceptable. 
Lettering and all markings must be large enough to be readable 
after reduction to single-column width (3*/\,in.). Mail rolled or 
flat; never fold. Drawings that cannot be reproduced (including 
pencil drawings) will be returned to the author for redrawing, 
thus delaying publication of the paper. Photographs should be 
distinct and show clear black and white contrasts. They must 
be on glossy white paper. Avoid round or oval photographs. 


CAPTIONS AND LEGENDS: Legends or captions must accompany 
each drawing or photograph submitted. If written on the draw- 
ing or photograph they should be placed below and well outside 
the part to be reproduced. Each table should have a caption 
such as Table 1, Table 2, Table 3, etc. Captions should be com- 
plete in themselves so as to make the data intelligible to the 
reader without reference to the text. A duplicate list of captions 
for figures should be included as the last page of the manuscript. 
Use ‘‘Fig. 1’’ (not Figure 1), “Figs. 3 and 4,” etc., in both the text 
and the numbering of illustrations. In the text, “Eq. (1)” or 
“Eqs. (1) and (2)” is used, not ‘‘Equation (1).”’ In captions, 
legends, and in table headings, write all words in full; do not 
abbreviate, except for “Fig.’’ and “‘Eq 


MATHEMATICAL WoRK: Formulas may be typewritten or 
carefully written in pen and ink, the writing to be large enough so 
that it can be marked for the printer. Considerable space for 
marking should be allowed above and below all equations. All 
complicated equations should be repeated on separate sheets with 
adequate space left for marking. The solidus should be used for 
simple fractions appearing within the text. Make all expressions 
clear to the typesetter. Greek letters used in formulas should 
be clearly designated by name in the margin of the manuscript. 
The difference between capital and lower-case letters should be 
clearly distinguished and care taken to avoid confusion between 
zero (0) and the letter (0), between the numerical (one) and the 
letter (ell) and the prime (’), between alpha and a, kappa and 
k, u and mu, v and nu,nandeta. All subscripts and exponents 
should be clearly distinguished. Avoid complicated exponents and 
subscripts. Dots and bars over letters or mathematical expres- 
sions should also be avoided. When it is necessary to repeat a 
complicated expression, it should be represented by some con- 
venient symbol 


SYMBOLS AND ABBREVIATIONS: The symbols recommended in 
the American Standard Association ‘“‘Letter Symbols for Aero- 
nautical Sciences,’”” ASA Y10.7—1954, should be used wherever 
practicable. All symbols should be clearly written and carefully 
checked. Standard abbreviations should be used, and it should 
be noted that most abbreviations are lower case. 





CorPORATE MEMBERS 


OF THE 


INSTITUTE OF THE AEROSPACE SCIENCES 


AC SPARK PLUG DIVISION, GENERAL MOTORS CORPO- 
RATION 


ACADEMY OF AERONAUTICS 

AEROJET-GENERAL CORPORATION 

AERONCA MANUFACTURING CORPORATION 
Se DIVISION OF FORD MOTOR COM- 


AEROSPACE CORPORATION 

AGAWAM AIRCRAFT PRODUCTS, INC, 

ALLIED RESEARCH ASSOCIATES, INC. 

ALLISON DIVISION, GENERAL MOTORS CORPORATION 
AMERICAN AIRLINES, INC. 

AMERICAN BOSCH ARMA CORPORATION 

AMERICAN OIL COMPANY 

AMOCO CHEMICALS CORPORATION 

ARDE ASSOCIATES 


ASTRO-ELECTRONIC PRODUCTS DIVISION, RADIO 
CORPORATION OF AMERICA 


AVCO-EVERETT RESEARCH LABORATORY 
AVIEN, INC. 

BEECH AIRCRAFT CORPORATION 

BELL AEROSPACE CORPORATION 

THE BENDIX CORPORATION 

BOEING AIRPLANE COMPANY 

BOOZ, ALLEN APPLIED RESEARCH, INC. 


BULOVA RESEARCH AND DEVELOPMENT LABORA- 
TORIES, INC. 


CANADAIR, LTD. 

CHANCE VOUGHT CORPORATION 

THE CHASE MANHATTAN BANK 

CHICAGO AERIAL INDUSTRIES, INC. 
CONTINENTAL MOTORS CORPORATION 
CORNELL AERONAUTICAL LABORATORY, INC. 
COX & COMPANY, INC. 

CURTISS-WRIGHT CORPORATION 

DANIEL, MANN, JOHNSON, & MENDENHALL 
THE DECKER CORPORATION 


DEFENSE ELECTRONIC PRODUCTS DIVISION, RADIO 
CORPORATION OF AMERICA 


DEFENSE SYSTEMS DIVISION, GENERAL MOTORS 
CORPORATION 





DEL MAR ENGINEERING LABORATORIES 
DELCO-RADIO DIVISION, GENERAL MOTORS CORPO- 
RATION 


DELCO-REMY DIVISION, GENERAL MOTORS CORPO- 
RATION 


DOAK AIRCRAFT COMPANY, INC. 
DOUGLAS AIRCRAFT COMPANY, INC. 
DZUS FASTENER COMPANY, INC. 


EASTERN AIR LINES, INC. 

EATON MANUFACTURING COMPANY 

EDO CORPORATION 

ELASTIC STOP NUT CORPORATION OF AMERICA 
ENGINEERING SUPERVISION COMPANY 

a CAMERA AND INSTRUMENT CORPORA- 


FAIRCHILD ENGINE AND AIRPLANE CORPORATION 
THE GARRETT CORPORATION 

GENERAL APPLIED SCIENCE LABORATORIES, INC. 
GENERAL DYNAMICS CORPORATION 

GENERAL ELECTRIC COMPANY 

GENERAL PRECISION, INC. 

THE B. F. GOODRICH COMPANY 

GOODYEAR AIRCRAFT CORPORATION 

GRUMMAN AIRCRAFT ENGINEERING CORPORATION 
HOFFMANN AIRCRAFT COMPANY 

HUGHES AIRCRAFT COMPANY 


INSURANCE COMPANY OF NORTH AMERICA COM- 
PANIES 


INTERNATIONAL BUSINESS MACHINES CORPORATION 
FEDERAL SYSTEMS DIVISION 


THE INTERNATIONAL NICKEL COMPANY, INC. 

ITT FEDERAL LABORATORIES, A DIVISION OF INTER- 
NATIONAL TELEPHONE AND TELEGRAPH COR- 
PORATION 


JANITROL AIRCRAFT DIVISION, MIDLAND-ROSS COR- 
PORATION 


JOHNS-MANVILLE SALES CORPORATION 
KOLLSMAN INSTRUMENT CORPORATION 
LAVELLE AIRCRAFT CORPORATION 
LEAR, INCORPORATED 

C, W. LEMMERMAN, INC. 

THE LIQUIDOMETER CORPORATION 
ARTHUR D. LITTLE, INC. 


LOCKHEED AIRCRAFT CORPORATION 
THE MARQUARDT CORPORATION 

THE MARTIN COMPANY 

McDONNELL AIRCRAFT CORPORATION 
MELETRON CORPORATION 


MINNEAPOLIS-HONEYWELL REGULATOR COMPANY 


MOBIL OIL COMPANY 

NATIONAL CREDIT OFFICE, INC. 

NORTH AMERICAN AVIATION, INC, 
NORTHROP CORPORATION 

NUCLEAR DEVELOPMENT CORPORATION OF AMER 
PAN AMERICAN WORLD AIRWAYS, INC, 
THE RALPH M. PARSONS COMPANY 
PIASECKI AIRCRAFT CORPORATION 

POLY INDUSTRIES, INC. 

REPUBLIC AVIATION CORPORATION 

ROHR AIRCRAFT CORPORATION 

RYAN AERONAUTICAL COMPANY 

SHELL OIL COMPANY 

SIMMONDS PRECISION PRODUCTS, INC. 
SOLAR AIRCRAFT COMPANY 

SOUTHWEST PRODUCTS COMPANY 

SPACE TECHNOLOGY LABORATORIES, INC, 
R. DIXON SPEAS ASSOCIATES 


SPERRY GYROSCOPE COMPANY, DIVISION OF SP! 
RAND CORPORATION 


STANDARD-THOMSON CORPORATION 
STANLEY AVIATION CORPORATION 
THERM, INCORPORATED 

THIOKOL CHEMICAL CORPORATION 
THOMPSON RAMO WOOLDRIDGE INC. 
TRANS WORLD AIRLINES, INC. 


UNION CARBIDE METALS COMPANY, DIVISION © 
UNION CARBIDE CORPORATION : 


UNITED AIR LINES, INC. 

UNITED AIRCRAFT CORPORATION r 
UNITED STATES AVIATION UNDERWRITERS, INC." 
VEHICLE RESEARCH CORPORATION s 
WESTERN GEAR CORPORATION 

WESTINGHOUSE ELECTRIC CORPORATION 














a 


vi 


